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Abstract
We dimensionally reduce the spacetime action of bosonic string theory, and that of the bosonic
sector of heterotic string theory after truncating the Yang-Mills gauge fields, on a d-dimensional
torus including all higher-derivative corrections to first order in α′. A systematic procedure is
developed that brings this action into a minimal form in which all fields except the metric carry
only first order derivatives. This action is shown to be invariant under O(d, d,R) transformations
that acquire α′-corrections through a Green-Schwarz type mechanism. We prove that, up to a
global pre-factor, the first order α′-corrections are uniquely determined by O(d, d,R) invariance.
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1 Introduction
String theory features the T-duality property according to which there is a non-linear group action of
O(d, d,Z) on d-dimensional toroidal backgrounds such that all backgrounds in one orbit are physically
equivalent. When restricting to the massless fields for compactifications on tori, i.e., when performing
dimensional reduction, this duality implies invariance under the continuous symmetry group O(d, d,R).
For the two-derivative effective action this symmetry was first shown explicitly for the (cosmological)
reduction to one dimension by Veneziano and Meissner in Refs. [1,2] and later generalized to arbitrary
d by Maharana and Schwarz [3].
It was proven by Sen, using closed string field theory, that the O(d, d,R) symmetry of dimensionally
reduced theories is present to all order in α′ [4], but it remains as a highly non-trivial problem to
1
actually display this symmetry when higher-derivative α′-corrections are included. First significant
progress was due to Meissner who investigated the dimensional reduction to one dimension including
the four-derivative terms that appear in string theory to first order in α′ [5] (for earlier work on the
heterotic string see Ref. [6]). He uncovered the expected O(d, d,R) symmetry, but this required a series
of elaborate field redefinitions (that in particular cannot all originate from covariant field redefinitions
before reduction). Subsequent work considered the reduction on a single circle [7] and reductions
on a general torus but truncating out all ‘off-diagonal’ field components [8]. In all these truncations
there is a choice of field variables for which the O(d, d,R) transformations are undeformed, as is also
suggested by string field theory [9]. In particular, this fact was used to classify all higher-derivative
corrections in cosmology that, somewhat surprisingly, only require (higher powers of) first-order time
derivatives [10,11].
Recently, the higher-derivative α′-corrections of string theory have been the focus of attention
in the framework of double field theory. Double field theory is a formulation featuring a manifest
O(d, d,R) invariance before dimensional reduction by virtue of a generalized spacetime with doubled
coordinates transforming covariantly under O(d, d,R) [12–15]. While the two-derivative double field
theory can be written naturally in terms of a ‘generalized metric’ that encodes metric and B-field
(c.f. Eq. (2.9) below), there are obstacles when including higher derivatives that require a deformation
of the framework, see Refs. [16–23]. It was proven in Refs. [24, 25] that the general α′-corrections of
bosonic and heterotic string theory cannot be written in terms of the generalized metric, so that in
particular the O(d, d,R) transformations of double field theory get α′-deformed. Alternatively, one
may set up a generalized frame formalism for which O(d, d,R) remains undeformed while the local
frame transformations receive α′-corrections [19,24,25].
In this paper we complete the existing literature by giving the complete dimensionally reduced
action for bosonic string theory to first order in α′, i.e., including all four-derivative terms, and prove its
O(d, d,R) invariance, presenting results that have recently been announced in Ref. [26]. In particular,
we prove that the first order α′-corrections are uniquely determined by O(d, d,R) invariance, up to an
overall constant whose value depends on the string theory under consideration. While this O(d, d,R)
invariance is also implied by the existence of α′-deformed double field theory, whose dimensional
reduction has already been explored in Ref. [22], until now it has not been systematically investigated
whether some of the unexpected new features arising in double field theory also show up in the
dimensional reduction of conventional (non-extended) theories, nor has the dimensionally reduced
action been displayed in a sufficiently simplified form that allows for applications (and comparison with
some of the earlier results cited above). To our surprise we find that there is no choice of field variables
so that the full dimensionally reduced action can be written in terms of familiar O(d, d,R) covariant
variables (like the generalized metric); rather, a generalized Green-Schwarz mechanism is required
under which the (external) singlet B-field acquires non-trivial transformations under O(d, d,R), hence
implying that the O(d, d,R) action gets α′-deformed. This effect has been invisible in all truncations
investigated so far, but it does mimic the situation in double field theory before reduction. Intriguingly,
the α′-deformations needed in double field theory can thus not be blamed entirely on its novel geometric
structure, but such deformations also emerge in completely conventional dimensional reductions.
On a technical level, the present investigation requires full control over all possible field redefini-
tions, both redefinitions that are covariant in the usual sense (i.e. GL(d) covariant) and covariant with
respect to O(d, d,R). As one of the main technical results of this paper we present a fully systematic
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procedure to test O(d, d,R) invariance, generalizing that of Refs. [10, 11] to higher dimensions. One
first dimensionally reduces the action as usual and then uses GL(d) covariant field redefinitions to
bring the action into a form in which all fields apart from the metric appear only with first-order
derivatives. Next, one employs O(d, d,R) covariant redefinitions in order to find the minimal set of
O(d, d,R) invariant four-derivative terms, which then are decomposed under GL(d) with the aim to
match with the dimensionally reduced terms. Our analysis applies to bosonic string theory but also
to the bosonic sector of heterotic string theory after truncating out the Yang-Mills gauge fields, which
still features a gravitational Chern-Simons form (due to the original Green-Schwarz mechanism).
The rest of the paper is organized as follows. In Sec. 2, we review the dimensional reduction
of the leading two-derivative action of the bosonic string, and its manifestly O(d, d,R) symmetric
formulation revealed in Ref. [3]. In order to set up a systematic analysis of its higher-order corrections,
we outline how to organize and fix the ambiguities related to partial integration and higher-order
field redefinitions. In Sec. 3, we present a general counting of independent higher-derivative terms
upon modding out these ambiguities. At order α′, we construct an explicit 61-dimensional basis of
independent O(d, d,R) invariant four-derivative terms, which is algebraic in first order derivatives and
the Riemann tensor. Sec. 4 presents the explicit torus reduction of the four-derivative action of the
bosonic string. In particular, we show how all second-order derivatives in the reduced action can
be eliminated by suitable field redefinitions. Comparing the result to our explicit basis, we show in
Sec. 5 that apart from a single term the entire reduced action can be rewritten in terms of manifestly
O(d, d,R) invariant terms. Restoring O(d, d,R) invariance of the full action then requires a Green-
Schwarz type mechanism inducing a non-trivial O(d, d,R) transformation of order α′ of the two-form
Bµν . In Sec. 6, we embed this structure into a frame formalism in which the O(d, d,R) symmetry
remains undeformed, while the local frame transformations acquire α′ deformations. Finally, in Sec. 7,
we extend the analysis to the bosonic sector of heterotic supergravity and present its dimensionally
reduced action in manifestly O(d, d,R) invariant form. The appendices collect a number of explicit
technical results.
2 Two-derivative action and systematics of field redefinitions
A main goal of this paper is to compute the dimensional reduction of the bosonic string on a d-
dimensional torus including the first order in α′ and to make the resulting O(d, d,R) symmetry mani-
fest. In this section, we review the reduction of the two-derivative action and its manifestly O(d, d,R)
symmetric formulation first exhibited in Ref. [3]. We then discuss its field equations and the system-
atics of non-linear field redefinitions as a starting point for the subsequent systematic analysis of the
higher order corrections.
2.1 Reduction and O(d, d,R) symmetry
Let us start from the two-derivative effective action for the bosonic string in D + d dimensions, with
metric gˆµˆνˆ , antisymmetric Kalb-Ramond field Bˆµˆνˆ and dilaton φˆ:
Î0 =
∫
dD+dX
√
−gˆ e−φˆ
(
Rˆ+ ∂µˆφˆ ∂
µˆφˆ− 1
12
Hˆ2
)
, (2.1)
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where indices µˆ run over the (D + d) dimensional space, and Hˆ2 = Hˆ µˆνˆρˆHˆµˆνˆρˆ with the field strength
Hˆµˆνˆρˆ = 3 ∂[µˆBˆνˆρˆ]. To compactify on the spatial torus T
d, we use the index split X µˆ = (xµ, ym), with
µ ∈ [[1,D]], m ∈ [[1, d]], for curved indices and {αˆ} = {α, a}, with α ∈ [[1,D]], a ∈ [[1, d]] for flat indices,
and drop the dependence of all fields on the internal coordinates ym. For the metric gˆµˆνˆ , we use the
vielbein formalism and consider the standard Kaluza-Klein ansatz
eˆ αˆµˆ =
(
eµ
α A
(1)n
µ En
a
0 Em
a
)
, (2.2)
in terms of the D-dimensional vielbein eµ
α, Kaluza-Klein vector fields A
(1)m
µ , and the internal vielbein
Em
a. The metric gˆµˆνˆ = eˆ
αˆ
µˆ ηαˆβˆ eˆ
βˆ
νˆ then takes the form
gˆµˆνˆ =
(
gµν +A
(1)p
µ GpqA
(1)q
ν A
(1)p
µ Gpn
GmpA
(1)p
ν Gmn
)
, (2.3)
where gµν = eµ
αηαβeν
β and Gmn = Em
aδabEn
b denote the D-dimensional metric and the internal
metric, respectively.
Similarly, the 2-form Bˆµˆνˆ , is parametrized as [3]
Bˆµˆνˆ =
(
Bµν −A(1)m[µ A
(2)
ν]m +A
(1)m
µ BmnA
(1)n
ν A
(2)
µn −BnpA(1) pµ
−A(2)ν m +Bmp A(1) pν Bmn
)
, (2.4)
in terms of D-dimensional scalars Bmn = −Bnm, vector fields A(2)µm, and a 2-form Bµν . The lower-
dimensional components of Hˆµˆνˆρˆ are defined using the standard Kaluza-Klein procedure [3]: first
converting Hˆ to flat indices, block decomposing, and finally converting back to curved indices using
the lower-dimensional blocks eµ
α and Em
a. This amounts to converting a curved index µˆ to a curved
index µ using contraction with eµ
αeˆ µˆα and to m contracting with Em
aeˆ µˆa , such that the resulting
fields transform covariantly under internal diffeomorphisms1. With Eq. (2.3), this leads to
Hµνρ = 3∂[µBνρ] −
3
2
(
A
(1)m
[µ F
(2)
νρ]m + F
(1)m
[µν A
(2)
ρ]m
)
,
Hµνm = F
(2)
µν m −BmnF (1)nµν ,
Hµmn = ∇µBmn ,
Hmnp = 0 ,
(2.5)
where we have defined the abelian field strengths{
F
(1)m
µν = ∂µA
(1)m
ν − ∂νA(1)mµ ,
F
(2)
µν m = ∂µA
(2)
ν m − ∂νA(2)µm .
(2.6)
In terms of these objects, after dimensional reduction, the action (2.1) then takes the form [3]
I0 =
∫
dDx
√−g e−Φ
(
R+ ∂µΦ ∂
µΦ− 1
12
HµνρH
µνρ +
1
4
Tr
(
∂µG∂
µG−1
)
+
1
4
Tr
(
G−1∂µBG
−1∂µB
)− 1
4
F (1)mµν GmnF
(1)µν n − 1
4
HµνmG
mnHµνn
)
,
(2.7)
1 Note that it is not the procedure that is used on Bˆ, as pointed out in Ref. [27].
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with the rescaled dilaton Φ = φˆ− 1
2
log(det(Gmn)). In this form, the action features an explicit GL(d)
symmetry, as guaranteed by toroidal reduction. The symmetry enhancement to O(d, d,R) can be
made manifest upon regrouping the vector fields A
(1)m
µ and A
(2)
µm into a single O(d, d,R) vector
AµM =
(
A
(1)m
µ
A
(2)
µm
)
, (2.8)
and the scalar fields Gmn, Bmn into an O(d, d,R) matrix HMN as
HMN =
(
Gmn −BmpGpqBqn BmpGpn
−GmpBpn Gmn
)
. (2.9)
Throughout, the fundamental O(d, d,R) indices are raised and lowered using the constant O(d, d,R)-
invariant matrix
ηMN =
(
0 δmn
δm
n 0
)
, (2.10)
so that H−1 is defined as HMN = ηMPHPQηQN . In terms of the fields (2.8), (2.9), the reduced
action (2.7) may be cast into the manifestly O(d, d,R) invariant form [3]
I0 =
∫
dDx
√−g e−Φ
(
R+ ∂µΦ ∂
µΦ+
1
8
∂µHMN∂µHMN − 1
4
FµνMHMNFµν N − 1
12
HµνρH
µνρ
)
,
(2.11)
where FµνM = 2∂[µAν]M is the abelian field-strength associated to the vectors (2.8). In terms of the
covariant objects (2.8) and (2.9), the infinitesimal O(d, d,R) variations of the fields are given by{
δΓgµν = 0 ,
δΓBµν = 0 ,
{
δΓHMN = ΓMPHPN + ΓNPHMP ,
δΓFµνM = −FµνN ΓNM ,
(2.12)
for ΓM
N ∈ o(d, d,R). The action (2.11) is manifestly invariant under these transformations. For later
convenience, we also rewrite the action in terms of the matrix SMN = HMP ηPN
I0 =
∫
dDx
√−g e−Φ
(
R+ ∂µΦ ∂
µΦ+
1
8
Tr (∂µS ∂µS)− 1
4
FµνMSMNFµνN − 1
12
HµνρH
µνρ
)
.
(2.13)
Note that SS = 1, so that S is a constrained field.
2.2 GL(d) fields redefinitions
Our aim is an extension of the previous construction to higher orders in α′. As usual, the study
of higher-derivative terms requires to carefully handle the ambiguities due to the possible non-linear
field redefinitions. In particular, the symmetry enhancement to O(d, d,R) will only be possible after
identification of the proper field redefinitions. In this section, we describe the systematics of higher-
order field redefinitions based on the two-derivative action (2.11), inspired by Refs. [11, 10].
We consider the α′ extension of Eq. (2.11) as a perturbation series
I = I0 + I1 +O(α′2) , (2.14)
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with the first order term I1 ∼ O(α′) . In order to organize the possible ambiguities in I1, we consider
field redefinitions of the form
ϕ→ ϕ+ α′ δϕ, (2.15)
where ϕ denotes a generic field. Under such redefinitions of its fields, the variation of I to order α′
arises exclusively from the variation of I0 and takes the form
δI0 = α
′
∫
dDx
√−g e−Φ
[
EΦ δΦ + (Eg)µν δgµν + (EB)µν δBµν + (EG)mn δGmn
+ (EB)mn δBmn + (EA(1))µm δA(1)mµ + (EA(2))µm δA(2)µm
]
, (2.16)
proportional to the field equations associated with the two-derivative action I0
EΦ = −2✷Φ−R+∇µΦ∇µΦ+ 1
12
H2 − 1
8
Tr (∇µS ∇µS) + 1
4
FµνM SMN FµνN ,
(Eg)µν = Rµν +∇µ∇νΦ− 1
4
H2µν +
1
8
Tr (∇µS ∇νS)− 1
2
FMµρ SMN FνρN +
1
2
gµν EΦ,
(EB)µν = 1
2
(∇ρHρµν −∇ρΦHρµν) ,
(EG)mn = 1
2
[
−✷Gmn +∇µΦ∇µGmn −
(∇µG∇µG−1G)mn + (∇µBG−1∇µB)mn
+
1
2
GmpF
(1) p
µν F
(1)µν qGqn − 1
2
HµνmH
µν
n
]
,
(EB)mn = 1
2
[ (
G−1✷BG−1
)mn −∇µΦ (G−1∇µBG−1)mn + (G−1∇µB∇µG−1)mn
+
(∇µG−1∇µBG−1)mn + 1
2
GmpHµνpF
(1)µν n − 1
2
F (1)µν mGnpHµνp
]
,
(EA(1))νn = ∇µF (1)µν mGmn −∇µΦF (1)µν mGmn −
1
2
HµνρHµρn − (EA(2))ν mBmn
+ F (1)µν m∇µGmn −Hµνm
(
G−1∇µB
)m
n
+ (EB)µν
(
A(2)µn −BnmA(1)mµ
)
,
(EA(2))ν m = ∇µHµνnGnm −∇µΦHµνnGnm +Hµνn∇µGnm +
1
2
HµρνF (1)mµρ
+ (EB)µνA(1)mµ .
(2.17)
Here, H2µν = HµρσHν
ρσ, ∇µ denotes the covariant derivative with respect to gµν and accordingly ✷ =
∇µ∇µ. At order α′, the action thus is unique up to contributions proportional to the lowest order field
equations. In the next section, we will show that by field redefinitions (2.15), the transformation (2.16)
together with partial integrations allows to map all terms at order α′ to a basis which carries only
first derivatives of all fields (except for the two-derivative terms within the Riemann tensor).
As an example, let us show how a term carrying the factor ✷Φ can be replaced by terms carrying
only products of first derivatives. Consider a generic term of I1 of the form
Z = α′
∫
dDx
√−g e−ΦX ✷Φ, (2.18)
where X is a function of Φ, Rµνρσ, Hµνρ, Gmn, Bmn, F
(1)m
µν and Hµν m (and their derivatives) which
carries exactly two derivatives. Redefining the dilaton and the metric as Eq. (2.15) with δgµν = λ gµν ,
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Eq. (2.16) yields the transformation
δI0 = α
′
∫
dDx
√−g e−Φ
[
✷Φ
(
− 2 δΦ + λ (D + 1)
)
+
1
2
R
(
− 2 δΦ + λ (D + 2)
)
+∇µΦ∇µΦ
(
δΦ− D
2
λ
)
+
1
24
H2
(
2 δΦ − λ (D + 6)
)
− 1
16
Tr (∇µS ∇µS)
(
− 2 δΦ + λ (D + 2)
)
+
1
8
FµνM SMN FµνN
(
2 δΦ − λ (D + 4)
)]
.
(2.19)
With the particular choice δΦ =
1
2
(D + 2)X ,
λ = X ,
(2.20)
the new terms (2.19) cancel the term Z and replace it by
Z ′ = α′
∫
dDx
√−g e−ΦX
(
∇µΦ∇µΦ− 1
6
H2 − 1
4
FµνM SMN FµνN
)
, (2.21)
which carries only products of first order derivatives. In the same fashion, all the four-derivative
terms carrying the leading two-derivative contributions from the field equations (2.17) can be trans-
formed into terms carrying only products of first order derivatives. We may summarize the resulting
replacement rules as
✷Φ −→ QΦ = ∇µΦ∇µΦ− 1
6
H2 − 1
4
FMµν SMN FµνN ,
Rµν −→ Qg µν = −∇((µ∇ν))Φ+
1
4
H2µν −
1
8
Tr (∇µS ∇νS) + 1
2
FMµρ SMN FνρN
− 1
D
gµν
(
∇ρΦ∇ρΦ− 1
6
H2 − 1
4
FMρσ SMN FρσN
)
,
∇µHµρσ −→ QB ρσ = ∇µΦHµρσ ,
✷Gmn −→ QGmn = ∇µΦ∇µGmn −∇µGmp∇µGpqGqn − 1
2
HµνmH
µν
n
+∇µBmpGpq∇µBqn + 1
2
F (1) pµν GpmF
(1)µν qGqn ,
✷Bmn −→ QBmn = ∇µΦ∇µBmn −∇µBmp∇µGpqGqn −Gmp∇µGpq∇µBqn
− 1
2
HµνmF
(1)µν pGpn +
1
2
GmpF
(1)µν pHµνn ,
∇µF (1)µν m −→ QA(1)ν m = ∇µΦF (1)µν m +HµνnGnp∇µBpqGqm
+
1
2
HµνρHµρnG
nm − F (1)µν n∇µGnpGpm ,
∇µHµνm −→ QA(2)νm = ∇µΦHµνm −Hµνn∇µGnpGpm +
1
2
Hµνρ F (1)nµρ Gnm .
(2.22)
Double parenthesis ((. . . )) in the second line refer to traceless symmetrization. The associated field
redefinitions are collected in Tab. 1. As we will show in Sec. 4, all other four-derivative terms can be
mapped into the terms listed in Tab. 1 upon using partial integration and Bianchi identities.
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Term in the action Field redefinitions Replacement
α′X✷Φ
δΦ =
1
2
(D + 2) X
δgµν = gµν X
α′X QΦ
α′Xµν Rµν

δgµν = −X(µν) −
1
D
gµν Xρ
ρ
δΦ = − 1
D
Xµ
µ
α′Xµν Qg µν
α′Xµν ∇ρHρµν δBµν = −2X[µν] α′Xµν QB µν
α′Xmn✷Gmn δG
mn = 2X(mn) α′XmnQGmn
α′Xmn✷Bmn δBmn = −2GmpX [pq]Gqn α′XmnQBmn
α′Xνm∇µF (1)µν m

δA
(1)m
µ = −XµnGnm
δA
(2)
µm = −XµnGnpBmp
δBµν =
(
A
(2)
[µ|mX|ν]nG
mn −BmnA(1)n[µ Xν]pGmp
) α′XνmQA(1)ν m
α′Xν
m∇µHµνm
δA
(2)
µm = −XµnGnm
δBµν = A
(1)m
[µ X
n
ν] Gmn
α′Xν
mQA(2)νm
Tab. 1 Replacement rules for the terms carrying the leading two-derivative contribution from the field equations
descending from the two-derivative action (2.7) and associated field redefinitions. The explicit replacement rules
are given in Eq. (2.22).
3 O(d, d,R) invariant basis at order α′
In this section, we present the construction of an explicit O(d, d,R)-invariant basis for the four-
derivative terms in D dimensions. We discuss the general counting of independent terms for building
an action upon modding out field redefinitions and partial integrations. At order α′ we find that the
number of independent terms is 61 and coincides with the number of terms that can be built from
products of first order derivatives (and the Riemann tensor). We confirm the number by an explicit
construction of a 61-dimensional basis which we use subsequently in order to organize the result of
the explicit torus reduction.
3.1 Counting independent terms
Following the general discussion of field redefinition ambiguities of the last section, we first count the
number of independent terms modulo the two-derivative field equations (2.22) and Bianchi identities.
At this stage we do not yet restrict to Lorentz scalars, i.e. we keep all D-dimensional space-time indices
uncontracted. In a second step we will restrict to Lorentz scalars and account for the freedom of partial
integration. We start by defining the alphabet whose letters are the O(d, d,R)-invariant building blocks
in the various matter sectors (dilaton, scalars, vectors, 2-forms, metric) before identifying all possible
symmetric words in these letters. We only count manifestly O(d, d,R) and gauge invariant terms, i.e.
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neglect possible Chern-Simons and topological terms which we will have to treat separately.
Dilaton The independent building blocks carrying the dilaton are given by powers of derivatives
Bdil =
{∇((µ1 . . .∇µn))Φ ∣∣ n ∈ N∗, {µ1, . . . , µn}} , (3.1)
with the double parentheses ((. . . )) indicating traceless symmetrization in order to divide out field
equations. We may encode the set of letters (3.1) into a partition function
Zdil = u
(
1− q2
(1− q)vD − 1
)
, (3.2)
such that upon expanding (3.2) into a series in q every term represents a letter with exponents counting
the number of derivatives. We have also added a factor u to keep track of the dilaton power when
combining (3.2) with the other building blocks of the theory. We use the notation
(1− q)vD = 1− q vD + q2 (vD ⊗ vD)alt − . . . ,
1
(1− q)vD = 1 + q vD + q
2 (vD ⊗ vD)sym + . . . , (3.3)
with the SO(D) vectorial representation vD, in order to describe the tower of traceless symmetrized
vectors. (vD ⊗ vD)alt is the antisymmetric tensor product of two SO(D) vectors,
Coset scalars The scalar fields parametrize the SO(d, d)/(SO(d) × SO(d)) matrix HMN . In order
to directly implement all constraints deriving from the coset structure, it is convenient to turn to the
vielbeins
HMN = EMA δAB ENB =⇒ ∂µHH−1 = 2E PµE−1 , (3.4)
with the coset currents defined by
E−1∂µE = Qµ + Pµ ∈ k⊕ p = so(d, d) , (3.5)
where k = so(d)⊕ so(d) and p is its (non-compact) orthogonal complement. In terms of the currents
Qµ and Pµ, global SO(d, d) invariance is ensured, and the counting problem reduces to identifying
combinations that are invariant under local SO(d) × SO(d) transformations, i.e. built from Pµ’s and
covariant derivatives Dµ = ∂µ + adQµ . Moreover, we have integrability conditions
[Dµ,Dν ] = Qµν ∝ [Pµ, Pν ] , D[µPν] = 0 , (3.6)
and field equations with leading second order term DµPµ which implies that a basis of on-shell inde-
pendent combinations is given by
BP =
{∇((µ1 . . .∇µnPµn+1)) ∈ p ∣∣ n ∈ N, {µ1, . . . , µn+1}} , (3.7)
counted by the partition function
ZP = p
(
1− q2
(1− q)vD − 1
)
, (3.8)
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with the charge p introduced to count the power of Pµ’s. It remains to count the independent
SO(d) × SO(d) invariant single-trace combinations in the letters (3.7). With Pµ transforming in
the (d,d) representation of SO(d)×SO(d), this amounts to counting ordered monomials and dividing
out transpositions and cyclic shifts of even length2. The result then follows from Polya’s counting
theorem [28] as
Zsing.trace = −1
2
∑
n
ϕ(n)
n
log
(
1−Z2P,n
)
+
ZP,2
2 (1 −ZP,2) , (3.9)
with Euler’s totient function ϕ(n) and ZP,n = ZP(pn, qn) .
Vectors The (manifestly) gauge invariant building blocks in terms of the vector field are obtained
by derivatives of its field strength subtracting Bianchi identities and contractions proportional to the
field equations
BF =
{∇((µ1 . . .∇µn))Fν1ν2M − traces & Bianchi ∣∣ n ∈ N} , (3.10)
counted by the partition function (see e.g. Ref. [29])
ZF =
∞∑
n=0
(
ν1 µ1 µn
ν2
− traces
)
= f
(
1
q
− 1− vD q (1− q
2)− q4
q (1− q)vD
)
, (3.11)
where f is a charge for the powers of FµνM . However, the letters (3.10) are not O(d, d,R) singlets but
rather carry a fundamental vector index. O(d, d,R) invariant combinations are built from bilinears
of Eq. (3.10) with the two O(d, d,R) vector indices contracted by products of the O(d, d,R) invariant
ηMN , the scalar matrix HMN , and its derivatives . This is most conveniently counted by using the
vielbeins (3.4) to convert the O(d, d,R) indices of Eq. (3.10) into SO(d)×SO(d) indices, such that the
flattened field strength FµνMEMA decomposes into (d,1)⊕ (1,d) contributions which we denote by
FL and FR, respectively. The flattened letters (3.10) are then contracted out by arbitrary chains of
letters from Eq. (3.7). This gives rise to three different types of terms
(∇ . . .∇FL) (even chain of ∇ . . .∇P ) (∇ . . .∇FL) ,
(∇ . . .∇FR) (even chain of ∇ . . .∇P ) (∇ . . .∇FR) ,
(∇ . . .∇FL) (odd chain of ∇ . . .∇P ) (∇ . . .∇FR) . (3.12)
Upon taking into account the reflection symmetries of the first two chains, the counting of O(d, d,R)
invariant building blocks in the vector sector yields
ZFF = 1
2
( ZF ,2
1−ZP,2 +
Z2F
1−Z2P
)
+
1
2
( ZF ,2
1−ZP,2 +
Z2F
1−Z2P
)
+ ZF ZP
1−Z2P
ZF
=
Z2F
1−ZP +
ZF ,2
1−ZP,2 . (3.13)
2 In this counting, we neglect all the identities induced by the finite size (2d) of the SO(d, d) matrices, i.e. formally
we count for d = ∞ .
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Two-form Similarly, the independent (manifestly gauge-invariant) building blocks carrying the 2-
form Bµν are counted by powers of derivatives on the field strength Hµνρ upon subtracting Bianchi
identities and contractions proportional to the field equations
BH =
{∇((µ1 . . .∇µn))Hν1ν2ν3 − traces & Bianchi ∣∣ n ∈ N} , (3.14)
giving rise to a partition function
ZH =
∞∑
n=0
(
ν1 µ1 µn
ν2
ν3
− traces
)
= h
(
1− q6 − q (1− q4)vD + q2 (1− q2) (vD ⊗ vD)alt
q2 (1− q)vD −
1
q2
)
, (3.15)
where h is a charge for the powers of Hµνρ .
Metric For the external metric gµν , we count derivatives of its Weyl tensor Cν1ν2ν3ν4 , subtracting
traces and Bianchi identities, giving rise to the letters
BC =
{∇((µ1 . . .∇µn))Cν1ν2ν3ν4 − traces & Bianchi ∣∣ n ∈ N} , (3.16)
which are counted as
ZC =
∞∑
n=0
(
ν1 ν2 µ1 µn
ν3 ν4
− traces
)
= c
(
q (1− q2) (vD ⊗ vD)sym − (1− q4)vD
q (1− q)vD + (vD ⊗ vD)alt +
1
q
vD
)
, (3.17)
where c is a charge for the powers of the Weyl tensor (or equivalently, the Riemann tensor).
3.2 Space-time singlets and partial integration
Putting everything together, we have identified the manifestly O(d, d,R) and gauge invariant building
blocks in the various sectors,
Z0 = Zdil + ZH +ZC + Zsing.trace + ZFF , (3.18)
with the different terms defined in Eqs. (3.2), (3.15), (3.17), (3.9), and (3.13), respectively. ¿From
these objects, we can construct the most general O(d, d,R) and gauge invariant terms as arbitrary
polynomials in the letters of Eq. (3.18), counted as
Zinv = exp
[∑
k
1
k
Z0,k
]
. (3.19)
So far, we have been counting combinations in all possible SO(D) representations, without re-
stricting to SO(D) Lorentz scalars. In order to count the independent space-time actions, we first
project Zinv to Lorentz scalars. Next, in order to subtract the ambiguities from partial integrations,
we extract from Zinv all possible SO(D) vectors Jµ each of which gives rise to an ambiguity d ∗J of the
space-time Lagrangian. On the other hand, currents with (off-shell) vanishing divergence d ∗ J = 0
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do not define ambiguities, these are of the form J = ∗d ∗ J2 for a 2-form J2 . Unless ∗J2 is of van-
ishing divergence thus defined by a 3-form J3, etc. To summarize, a basis of independent space-time
Lagrangians, after dividing out the freedom of partial integrations, is given by
ZLag = Zinv (1− uq)vD
∣∣∣
SO(D) singlets
, (3.20)
in the notation of Eq. (3.3)3.
3.3 Some examples
Evaluation in D = 10 As a first test of the counting formula (3.20), we may evaluate it to order
α′ in D = 10 dimensions, i.e. for d = 0, upon truncating out the vector and scalar sector which do not
exist at d = 0 . Then, in Eq. (3.18) only the contributions from metric, two-form and dilaton are taken
into account. Evaluating Eq. (3.20) gives rise to the following types of terms at the four-derivative
order {
R2 [1] , ∇2H2 [1] , RH2 [1] , H4 [3] , H2∇2Φ [1] , ∇2Φ∇2Φ [1]
}
, (3.21)
where the multiplicities [n] indicate the number of independent terms of the same type. This precisely
reproduces the counting from Ref. [30] (c.f. their Eq. (2.36)). Let us recall that our counting only
includes manifestly gauge invariant terms, so it does not account for the possible ten-dimensional
gravitational Chern-Simons couplings.
Evaluation in D = 1 Upon reduction to only one dimension, we can evaluate the counting formulas
to all orders in closed form. In particular ZH = ZF = 0, while
Zdil = uq , ZP = pq , Zsing.trace = p
2q2
1− p2q2 , (3.22)
and
ZC = −c q2 −→ −p2q2 , (3.23)
reflecting the fact that in D = 1 the Einstein equations pose a constraint on the energy-momentum
tensor. For Eqs. (3.18), (3.19), we thus find
Z0 = p
4q4
1− p2q2 + uq =⇒ Zinv =
∏
n>1
1
1− p2nq2n ×
1
1− uq , (3.24)
upon removing total derivatives (3.20) thus
ZLag = (1− qu)Zinv =
∏
n>1
1
1− p2nq2n , (3.25)
which precisely reproduces the counting from Ref. [11].
3 Here, we have inserted a dilaton charge u, since all terms carry a global dilaton power e−Φ such that partial
integration brings in an extra dilaton derivative.
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3.4 Basis at order α′
Evaluating the counting formula (3.20) in generic dimension D we infer that at order α′ there are 61
independent manifestly O(d, d,R) invariant four-derivative terms. While the general counting only
determines the number of independent terms without selecting a particular basis, it turns out that
at order α′ there is a distinguished explicit basis which is built from polynomials in terms carrying
only first order derivatives (and the Riemann tensor). Indeed, truncating the partition functions (3.2),
(3.15), (3.17), (3.8), (3.11) to first order in derivatives, we may count from Eq. (3.19) the number of
independent terms that carry first derivatives only, and find precisely 61 terms at order α′.4
The basis at order α′ can thus be given in terms of polynomials in Rµνρ
σ, Hµνρ, FµνM , ∇µSMN ,
and ∇µΦ. Schematically, its elements take the form{
R2 [1] , H4 [3] , (∇Φ)4 [1] , (∇S)4 [5] , F4 [12] , RH2 [1] , RF2 [2] ,
H2 (∇Φ)2 [2] , H2 (∇S)2 [2] , H2 F2 [8] , (∇Φ)2 (∇S)2 [2] , (∇Φ)2 F2 [4] ,
(∇S)2 F2 [10] , H∇ΦF2 [2] , H∇S F2 [3] , ∇Φ∇S F2 [3]
}
. (3.26)
We give the explicit expressions for all the basis elements in App. A. In the following we will exhibit
O(d, d,R) invariance of the dimensionally reduced action by expanding the reduced action in the
basis (3.26).
4 Compactification of the four-derivative action
The first order α′ extension of the action of the bosonic string (2.1) has been known for some time [30]
and is given up to field redefinitions by
Î1 =
1
4
α′
∫
dD+dX
√
−gˆ e−φˆ
(
RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ − 1
2
Hˆ µˆνˆλˆHˆ ρˆσˆ
λˆ
Rˆµˆνˆρˆσˆ − 1
8
Hˆ2µˆνˆHˆ
2 µˆνˆ
+
1
24
HˆµˆνˆρˆHˆ
µˆ
σˆ
λˆHˆ νˆ
λˆ
τˆ Hˆ ρˆτˆ
σˆ
)
.
(4.1)
In this section, we compactify separately all of its terms on a d-torus, using the ansa¨tze (2.3) and (2.4).
We fix the freedom of partial integration and possible field redefinitions, by converting all terms into
polynomials of first order derivatives (and the Riemann tensor). To do so, we systematically use
partial integration and Bianchi identities to bring all terms carrying second order derivatives into a
form corresponding to the first column of Tab. 1, which can then be converted to the desired form by
means of field redefinitions as discussed in Sec. 2.2. In the next section, we then compare the result
to the O(d, d,R) basis of Sec. 3.4.
The reduction of the three-form field strength Hˆµˆνˆρˆ is given in Eq. (2.5). For the reduction of the
Riemann tensor, we follow the results of Ref. [31], and give the lower-dimensional components in flat
4 At order α′2 this pattern breaks down. The general counting (3.20) reveals 1817 independent terms at order α′2
whereas there are only 1212 independent polynomials that can be constructed in terms of first order derivatives. This
general case differs from the situation encountered in the reduction to D = 1 dimensions where one can always find a
basis carrying no more than first-order time derivatives [10].
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indices as
Rˆαβγδ = Rαβγδ − 1
2
[
−GmnF (1)mα[γ F
(1)n
δ]β +GmnF
(1)m
αβ F
(1)n
γδ
]
,
Rˆαβγd =
[
∇[αF (1) pβ]γ −
1
2
(
Gmn∇[αGnpF (1)mβ]γ − F
(1)m
αβ Gmn∇γGnp
)]
Ep d ,
Rˆαβcd =
1
2
[
F (1) γ mα F
(1) q
γβ −∇αGmnGnp∇βGpq
]
Em [cE|q| d] ,
Rˆαbγd =
1
4
[
2∇α∇γGmq − 2∇αGmnGnp∇γGpq −∇γGmnGnp∇αGpq + F (1) mγε F (1) ε qα
]
EmbEq d ,
Rˆabγd = −1
2
F (1) mγε ∇εGnpEm [aE|n| b]Ep d ,
Rˆabcd = −1
2
∇εGmn∇εGpqEmaEp bEn [cE|q| d] . (4.2)
4.1 Reduction of the various terms
We reduce the action (4.1) term by term.
Reduction of Hˆ2µˆνˆHˆ
2 µˆνˆ Upon compactification, we obtain
Hˆ2µˆνˆHˆ
2 µˆνˆ = H2µνH
2µν + 4H2µνH
µ
ρmH
νρm − 2H2 µνHµνmHνnm + 4HµνmHµρmHνσnHρσn
− 4HµρpHνρpHµmnHνnm +HµmnHνmnHµpqHνqp + 2HµνλHρσλHµνmHρσm
+ 8HµνρHµνmHσ
mnHσρn − 8HµρmHµmnHνnpHνρp +HµνmHρσmHµνnHρσn
− 4HµνmHρmnHρnpHµνp + 4HµmnHνnpHνpqHµqm + 4HmnpHµνρHmnρHµνp
+ 8HmnpHµνqH
µpqHνmn + 2HmnpHµqrH
µmnHpqr + 2HmnpH
mnqHµν
pHµνq
+ 4HmnpH
mnqHµprHµqr +HmnrH
mnsHpqsH
pqr.
(4.3)
Using Eq. (2.5), this takes the form
Hˆ2µˆνˆHˆ
2 µˆνˆ = H2µνH
2µν + 4Tr
(∇µBG−1∇µBG−1∇νBG−1∇νBG−1)
+Tr
(∇µBG−1∇νBG−1)Tr (∇µBG−1∇νBG−1)+HµνmGmnHρσnHµνpGpqHρσq
+ 4HµνmG
mnHµρnHρσpG
pqHνσq − 2H2 µνTr
(∇µBG−1∇νBG−1)
+ 4H2 µνHµρmG
mnHν
ρ
n − 4Tr
(∇µBG−1∇νBG−1)HµρmGmnHνρn
+ 2HµνλHρσλHµνmG
mnHρσn − 8Hµρm
(
G−1∇µBG−1∇νBG−1
)mn
Hνρn
− 8HµνρHµνm
(
G−1∇σBG−1)mnHρσn − 4Hµνm (G−1∇ρBG−1∇ρBG−1)mnHµνn ,
(4.4)
where all terms carry first order derivatives only, i.e. are already of the desired form.
Reduction of HˆµˆνˆρˆHˆ
µˆ
σˆ
λˆHˆ νˆ
λˆ
τˆHˆ ρˆτˆ
σˆ Upon compactification, we obtain
HˆµˆνˆρˆHˆ
µˆ
σˆ
λˆHˆ νˆ
λˆ
τˆ Hˆ ρˆτˆ
σˆ = HµνρH
µ
σ
λHνλ
τHρτ
σ + 6HµνλHρσλHµρmHνσ
m
− 12HµνρHµσmHνmnHρσn + 4HµνρHµmnHνnpHρpm + 3HµνmHρσmHµρnHνσn
− 12HµνmHρmnHνnpHµρp + 3HµmnHνnpHµpqHνpm + 4HmnpHmµνHρµnHρνp
+ 12HmnpH
µmqHνnqHµν
p + 6HmnrHpq
rHmpµH
nqµ +HmnpH
m
q
rHnr
sHps
q .
(4.5)
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Using Eq. (2.5), this takes the form
HˆµˆνˆρˆHˆ
µˆ
σˆ
λˆHˆ νˆ
λˆ
τˆ Hˆ ρˆτˆ
σˆ = HµνρH
µ
σ
λHνλ
τHρτ
σ + 3HµνmG
mnHρσnH
µρ
pG
pqHνσq
+ 6HµνλHρσλHµρmG
mnHνσn + 3Tr
(∇µBG−1∇νBG−1∇µBG−1∇νBG−1)
− 12HµνρHµσm
(
G−1∇νBG−1
)mn
Hρ
σ
n − 12Hµνm
(
G−1∇ρBG−1∇νBG−1
)mn
Hµρn
+ 4HµνρTr
(∇µBG−1∇νBG−1∇ρBG−1) ,
(4.6)
where again all terms carry first order derivatives only, i.e. are already of the desired form.
Reduction of RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ Splitting the D + d indices µˆ as µˆ→ {µ,m}, we obtain
RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ = RˆµνρσRˆ
µνρσ + 4 RˆµνρmRˆ
µνρm + 2 RˆµνmnRˆ
µνmn
+ 4 RˆµmνnRˆ
µmνn + 4 RˆmnµpRˆ
mnµp + RˆmnpqRˆ
mnpq .
(4.7)
Upon using Eq. (4.2), the reduction of the first term of the action (4.1) then yields
α′
4
∫
dD+dX
√
−gˆ e−φˆ RˆµˆνˆρˆσˆRˆµˆνˆρˆσˆ −→
α′
4
∫
dDx
√−g e−Φ
[
RµνρσR
µνρσ − 3
2
RµνρσF (1)mµν GmnF
(1)n
ρσ +
3
2
Tr
(∇µG−1∇µG∇νG−1∇νG)
+
5
8
Tr
(∇µG−1∇νG∇µG−1∇νG) + 1
8
Tr
(∇µG−1∇νG)Tr (∇µG−1∇νG)
+
3
8
F (1)mµν GmnF
(1) n
ρσ F
(1)µν pGpqF
(1)ρσ q +
1
8
F (1)mµν GmnF
(1)n
ρσ F
(1)µρ pGpqF
(1)νσ q
+
1
2
F (1)mµν GmnF
(1)µρ nF (1) pρσ GpqF
(1)νσ q − 1
2
Tr
(∇µG−1∇νG)F (1)mµρ GmnF (1) νρ n (4.8)
− 3
2
F (1)mµν
(∇ρG∇ρG−1G)mn F (1)µν n + 12 F (1)mµν (∇ρG∇µG−1G)mn F (1)ρν n
+Tr
(∇µ∇νG−1G∇µ∇νG−1G)+ 3Tr (∇µ∇νG−1∇µG∇νG−1G)− 6∇ρF (1)mµν ∇µGmnF (1)νρ n
+ F (1)mµν
(
G∇µ∇ρG−1G
)
mn
F (1)ρν n − 2∇ρF (1)mµν Gmn∇µF (1)νρ n
]
.
Apart from the Riemann tensor, only the five last terms contain second order derivatives. Using
partial integration and Bianchi identities, it is possible to transform those terms so that all second
order derivatives appear as the leading two-derivative contribution from the field Eqs. (2.17), i.e.
appear within the first column of Tab. 1. Details are given in App. B. Specifically, the remaining
second order derivative terms combine into
α′
4
∫
dDx
√−g e−Φ
[
Tr
(
✷G−1G✷G−1G
)− 2∇µΦTr (✷G−1G∇µG−1)
+ 2Tr
(
✷G−1G∇νG−1∇νG
)
+
1
2
Tr
(
✷GG−1∇νG∇νG−1
)− 5
4
F (1)mµν ✷GmnF
(1)µν n
+ (Rµν +∇µ∇νΦ)
(
Tr
(∇µG−1∇νG)− 2F (1)mµρ GmnF (1) ρ nν )
+ 2∇µF (1)mµν Gmn
(
∇ρF (1)ρν n −∇ρΦF (1)ρν n
)
+
(
−2∇µΦF (1)mµν Gmn + 3F (1)mµν ∇µGmn
)
∇ρF (1)ρν n
]
,
(4.9)
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and can be eliminated by field redefinitions according to the rules defined in Tab. 1. The explicit
induced field redefinitions are collected in Eq. (B.4). The final result of the reduction (4.8) then takes
the form
α′
4
∫
dD+dX
√
−gˆ e−φˆ RˆµˆνˆρˆσˆRˆµˆνˆρˆσˆ −→
α′
4
∫
dDx
√−g e−Φ
[
RµνρσR
µνρσ − 1
2
RµνρσF (1)mµν GmnF
(1)n
ρσ +
1
2
Tr
(∇µG∇µG−1∇νBG−1∇νBG−1)
+Tr
(∇µBG−1∇µBG−1∇νBG−1∇νBG−1)+ 1
8
Tr
(∇µG−1∇νG∇µG−1∇νG)
− 1
8
Tr
(∇µG−1∇νG)Tr (∇µG−1∇νG)− 1
4
Tr
(∇µBG−1∇νBG−1)Tr (∇µG−1∇νG)
+
1
4
HµνmG
mnHρσnH
µν
pG
pqHρσq +
1
8
F (1)mµν GmnF
(1)n
ρσ F
(1)µρ pGpqF
(1)νσ q
− 1
2
F (1)mµν GmnF
(1)µρ nF (1) pρσ GpqF
(1)νσ q −HµνmGmnHµρnF (1) pρσ GpqF (1)νσ q
+
1
8
F (1)mµν HρσmF
(1)µν nHρσn +
1
4
H2µνTr
(∇µG−1∇νG) − 1
2
H2µνF
(1) µρmGmnF
(1) ν n
ρ
+
1
2
Tr
(∇µBG−1∇νBG−1)F (1)µρmGmnF (1) ν nρ + 12 Tr (∇µG−1∇νG)HµρmGmnHνρ n
+
1
2
Tr
(∇µG−1∇νG)F (1)µρmGmnF (1) ν nρ + 12 HµνλHρσλHµνmGmnHρσn
− 2HµνρHµνm
(
G−1∇σBG−1)mnHρσn − 1
2
HµνρHµνm
(
G−1∇σG)m
n
F (1)nρσ
− 1
4
F (1)mµν
(∇ρBG−1∇ρB)mn F (1)µν n − 14 Hµνm (∇ρG−1∇ρGG−1)mnHµνn
−Hµνm
(
G−1∇ρBG−1∇ρBG−1
)mn
Hµνn − 1
2
F (1)mµν
(∇ρG∇νG−1G)mn F (1)µρ n
− 2Hµρm
(
G−1∇µBG−1∇νBG−1
)mn
Hνρn −Hµρm
(
G−1∇µBG−1∇νG
)m
n
F (1) νρ n
]
. (4.10)
Reduction of RˆµˆνˆρˆσˆHˆ
µˆνˆλˆHˆ ρˆσˆ
λˆ
Let us finally consider the reduction of the term RHH. The
index split gives
RˆµˆνˆρˆσˆHˆ
µˆνˆλˆHˆ ρˆσˆ
λˆ
= RˆµνρσHˆ
µνλHˆρσλ + RˆµνρσHˆ
µν
mHˆ
ρσm − 4 RˆµνρmHˆµνλHˆρ mλ
− 4 RˆµνρmHˆρnmHˆµνn + 2 RˆµνmnHˆµνρHˆρmn + 4 RˆµmνnHˆµρmHˆν nρ
+ 4 RˆµmνnHˆ
µmpHˆνnp − 4 RˆµmnpHˆµνmHˆνnp + RˆmnpqHˆµmnHˆµpq
+ 2 RˆµνmnHˆ
µν
pHˆ
mnp + 4 RˆµmnpHˆ
µm
qHˆ
npq + RˆmnpqHˆ
mn
rHˆ
pqr.
(4.11)
Then, using Eqs. (2.5) and (4.2), the reduction of the corresponding term in the action (4.1) gives
− 1
8
α′
∫
dD+dX
√
−gˆ e−φˆ RˆµˆνˆρˆσˆHˆ µˆνˆλˆHˆ ρˆσˆ λˆ −→
α′
4
∫
dDx
√−g e−Φ
[
− 1
2
RµνρσH
µνλHρσλ − 1
2
RµνρσH
µν
mG
mnHρσn
− 1
4
Tr
(∇µG−1∇νB∇µG−1∇νB)− Tr (∇µB∇µG−1G∇νG−1∇νBG−1)
16
− 1
2
Tr
(∇µG−1G∇νG−1∇µBG−1∇νB)+ 1
4
F (1)mµν GmnF
(1)n
ρσ H
µν
pG
pqHρσq
+
1
4
F (1)mµν GmnF
(1)n
ρσ H
µρ
pG
pqHνσq − 1
2
F (1)mµν HρσmF
(1)ρν nHµσn +
1
4
HµνλHρσλF
(1)m
µρ GmnF
(1)n
νσ
+
1
4
HµνλHρσλF
(1)m
µν GmnF
(1)n
ρσ −HµνρF (1)mµν
(
G∇σG−1)
m
n
Hρσn −HµνρF (1)mµσ
(
G∇νG−1
)
m
n
H σρ n
− 1
2
HµνρF (1)mµσ ∇νBmnF (1) σ nρ − F (1)mµν
(∇ρB∇νG−1)mnHµρn + 12 F (1)mµν (∇ρBG−1∇νB)mn F (1)µρ n
− F (1)mµν
(
G∇ρG−1∇ρBG−1
)
m
n
Hµνn − F (1)mµν
(
G∇ρG−1∇νBG−1
)
m
n
Hµρn
− 1
2
Hµνm
(∇ρG−1∇νGG−1)mnHµρn −Hµρm (∇µG−1∇νGG−1)mnHνρn
− 1
2
HµνρTr
(∇µG−1G∇νG−1∇ρB)+Tr (∇µ∇νG−1∇µBG−1∇νB)−Hµρm∇µ∇νGmnHνρn
− 2∇µF (1)mνρ
(∇ρBG−1)
m
n
Hµνn + 2H
µνλ∇µF (1)mνρ Hρλm
]
. (4.12)
Apart from the Riemann tensor, the four last terms contain second order derivatives. Just as for the
Riemann squared term (4.8), upon partial integration, one can transform these terms such that all
second order derivatives appear as the leading two-derivative contribution from the field Eqs. (2.17).
Details are given in App. B. Specifically, the remaining second order derivative terms combine into∫
dDx
√−g e−Φ α
′
4
[
1
2
Tr
(
✷G−1∇νBG−1∇νB
)− Tr (✷BG−1∇νB∇νG−1)
− 1
2
F (1)mµν
(
✷BG−1
)
m
nHµνn − 1
4
Hµνm✷G
mnHµνn −∇µHµνρF (1)mνσ Hσρm
− 1
2
∇µHµνm
(
2∇ρGmnHνρn −HνρσF (1)ρσ m + 2
(
G−1∇ρB)m
n
F (1)nνρ
)
− 1
2
∇µF (1)µν m
(
2
(∇ρBG−1)
m
n
Hνρn −HνρσHρσm
)]
,
(4.13)
and can be eliminated by field redefinitions according to the rules defined in Tab. 1. The explicit
induced field redefinitions are collected in Eq. (B.9). The final result of the reduction (4.12) then
takes the form
− 1
8
α′
∫
dD+dX
√
−gˆ e−φˆ RˆµˆνˆρˆσˆHˆ µˆνˆλˆHˆ ρˆσˆ
λˆ
−→
α′
4
∫
dDx
√−g e−Φ
[
− 1
2
RµνρσH
µνλHρσλ −
1
2
RµνρσH
µν
mG
mnHρσn
+
1
4
Tr
(∇µG−1∇νB∇µG−1∇νB)− 1
2
Tr
(∇µG∇µG−1∇νBG−1∇νBG−1)
− 1
2
Tr
(∇µBG−1∇µBG−1∇νBG−1∇νBG−1)− 1
2
Tr
(∇µG−1G∇νG−1∇µBG−1∇νB)
− 1
8
HµνmG
mnHρσnH
µν
pG
pqHρσq +
1
4
F (1)mµν GmnF
(1)n
ρσ H
µρ
pG
pqHνσq
+
1
2
F (1)mµν HρσmF
(1)ρν nHµσn − 1
8
F (1)mµν HρσmF
(1)µν nHρσn
+
1
4
HµνλHρσλF
(1)m
µρ GmnF
(1)n
νσ −
1
4
HµνλHρσλHµνmG
mnHρσn
+HµνρHµνm
(
G−1∇σBG−1)mnHρσn + 1
2
HµνρHµνm
(
G−1∇σG)m
n
F (1)mρσ
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−HµνρF (1)mµσ
(
G∇νG−1
)
m
n
H σρ n +
1
2
HµνρF (1)mµσ ∇νBmnF (1) σ nρ
+
1
4
F (1)mµν
(∇ρBG−1∇ρB)mn F (1)µν n + 12 Hµνm (G−1∇ρBG−1∇ρBG−1)mnHµνn
+
1
4
Hµνm
(
G−1∇ρG∇ρG−1
)mn
Hµνn − F (1)mµν
(
G∇ρG−1∇νBG−1
)
m
n
Hµρn
+ F (1)mµν
(∇ρB∇νG−1)mnHµρn − 12 F (1)mµν (∇ρBG−1∇νB)mn F (1)µρ n
− 1
2
Hµνm
(∇ρG−1∇νGG−1)mnHµρn +Hµρm (G−1∇µBG−1∇νBG−1)mnHνρn
− F (1)mµρ
(∇µGG−1∇νBG−1)mnHνρn − 12 HµνρTr (∇µG−1G∇νG−1∇ρB) ] . (4.14)
In the next section, we will match the result of the explicit reduction against the basis (3.26) in
order to establish O(d, d,R) invariance of the reduced action.
4.2 Field redefinitions
By partial integration and suitable field redefinitions, we have thus cast the reduced action at order α′
into a form which is polynomial in first order derivatives and the Riemann tensor. As an illustration
and for potential applications requiring the dictionary between the lower-dimensional fields and the
fields featuring in the original action (2.1), let us list the full set of induced field redefinitions, put
together from Eqs. (B.4) and (B.9):
δΦ =
1
4
[
− F (1)mµν GmnF (1)µν n +
1
2
Tr
(∇µG−1∇µG) ] ,
δgµν =
1
4
[
2F (1)mµρ GmnF
(1)ρ n
ν − Tr
(∇(µG−1∇ν)G) ] ,
δBµν =
1
8
[(
− 2∇ρF (1)mρµ + 2∇ρΦF (1)mρµ +
1
2
HµρσH
ρσ
pG
pm
+ F (1) pµρ
(∇ρGG−1)
p
m
+Hµρp
(
G−1∇ρBG−1)pm )(A(2)ν m −BmnA(1)nν )
−A(1)mµ
(
G∇ρG−1
)
m
n
Hνρn −A(1)mµ ∇ρBmnF (1)nνρ + 2F (1)mµρ Hρνm
+
1
2
A(1)mµ HνρσGmnF
(1)ρσ n
]
−
(
µ↔ ν
)
,
δGmn =
1
4
[
− 2✷Gmn + 2∇µΦ∇µGmn − 1
2
GmpHµνpG
nqHµνq − 3
2
F (1)mµν F
(1)µν n
− (G−1∇µG∇µG−1)mn + (G−1∇µBG−1∇µBG−1)mn ] ,
δBmn =
1
4
[ (∇µB∇µG−1G)mn + (G∇µG−1∇µB)mn
− 1
2
HµνmF
(1)µν pGpn +
1
2
GmpF
(1)µν pHµνn
]
,
δA(1)mµ =
1
4
[
− 2∇νF (1)mνµ + 2∇νΦF (1)mνµ +
1
2
HµνρH
νρ
nG
nm
+ F (1)nµν
(∇νGG−1)
n
m
+Hµνn
(
G−1∇νBG−1)nm ] ,
δA(2)µm =
1
4
[
2∇νF (1)nνµ Bnm − 2∇νΦF (1)nνµ Bnm −
1
2
HµνρH
νρ
n
(
G−1B
)n
m
− F (1)nµν
(∇νGG−1B)
nm
−Hµνn
(
G−1∇νBG−1B)n
m
+Hµνn
(∇νG−1G)n
m
18
− F (1)nµν ∇νBnm −
1
2
HµνρF
(1)νρ nGnm
]
, (4.15)
where we used the convention of Eq. (2.15).
5 O(d, d,R) invariance and a Green-Schwarz type mechanism
We have now set up all the elements allowing to systematically exhibit the O(d, d,R) invariance of
the dimensionally reduced theory at order α′. Having brought the reduced action into a form that is
polynomial in first derivatives (and the Riemann tensor), we have fully fixed the ambiguities due to field
redefinitions and partial integration. We can then compare the result to the distinguished manifestly
O(d, d,R) invariant basis constructed in Sec. 3.4, after breaking up the latter under GL(d)5. Different
terms of the O(d, d,R) basis (3.26) do not share common terms in the decomposition under GL(d),
i.e. every GL(d) invariant term we have obtained in the reduction in the previous section has a unique
ancestor within the O(d, d,R) basis (3.26). It becomes thus a straightforward – albeit lengthy – task
to recombine (if possible) any collection of GL(d) terms into O(d, d,R) invariant expressions.
The dimensionally reduced action is given by the sum of Eqs. (4.4), (4.6), (4.10), and (4.14). Upon
combining these terms into the O(d, d,R) invariant expressions of the basis (3.26), we can bring it into
the form
I1 = I1 +O1 , (5.1)
where I1 is the part of I1 that can be organized into a linear combination of manifestly O(d, d,R)
invariant basis elements as
I1 =
1
4
α′
∫
dDx
√−g e−Φ
[
RµνρσR
µνρσ − 1
2
RµνρσH
µνλHρσλ − 1
8
H2µνH
2µν +
1
24
HµνρH
µ
σ
λHνλ
τHρτ
σ
− 1
2
RµνρσFµν MSMNFρσN + 1
16
Tr (∇µS∇νS∇µS∇νS)− 1
32
Tr (∇µS∇νS) Tr (∇µS∇νS)
+
1
8
FµνMFρσMFµρNFνσN −
1
2
FµνMSMNFµρNFνσ PSPQFρσ Q
+
1
8
FµνMSMNFρσ NFµρPSPQFνσQ + 1
8
H2µνTr (∇µS∇νS)−
1
2
H2µνFµρMSMNFνρN
+
1
4
FµρMSMNFνρNTr (∇µS∇νS) + 1
4
HµνλHρσλFµρMSMNFνσ N
− 1
2
HµνρFµσM (S∇νS)MNFρσN −
1
2
FµνM (S∇ρS∇νS)MNFµρN
]
, (5.2)
whereas the remaining part of the action O1 is not manifestly O(d, d,R) invariant, but given by
O1 = −1
8
α′
∫
dDx
√−g e−ΦHµνρTr
[
∇µG−1G∇νG−1∇ρB− 1
3
∇µBG−1∇νBG−1∇ρBG−1
]
. (5.3)
This suggests the definition
Ωµνρ = −3
4
Tr
(
∂[µG
−1G∂νG
−1∂ρ]B
)
+
1
4
Tr
(
∂[µBG
−1∂νBG
−1∂ρ]BG
−1
)
, (5.4)
5 See App. C for the GL(d) expressions of the relevant O(d, d,R) terms.
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such that O1 takes the form
O1 =
1
6
α′
∫
dDx
√−g e−ΦHµνρ Ωµνρ . (5.5)
The 3-form (5.4) descends from the non-vanishing cohomology H4 of O(d, d,R)/(O(d)×O(d)) [32,33],
although it is not O(d, d,R) invariant, its exterior derivative is6
4 ∂[µΩνρσ] =
3
8
Tr
(S ∂[µS ∂νS ∂ρS ∂σ]S) . (5.6)
For Γ ∈ o(d, d,R) this implies that dδΓΩ = δΓdΩ = 0, i.e. the O(d, d,R) variation of Ωµνρ is closed
and can locally be integrated to a 2-form Xµν such that
δΓΩµνρ = 3 ∂[µXνρ] . (5.7)
This observation together with the particular form of (5.5) suggests a Green-Schwarz type mechanism
in oder to restore O(d, d,R) invariance of the D-dimensional action. Specifically, the term (5.5) can
be absorbed into a deformation of the two-derivative action (2.11) upon redefining
H˜µνρ ≡ Hµνρ − α′ Ωµνρ , (5.8)
such that the kinetic term now produces
− 1
12
H˜µνρH˜µνρ = − 1
12
HµνρHµνρ +
α′
6
HµνρΩµνρ +O(α′2) . (5.9)
In view of Eq. (5.7), the deformed field strength (5.8) remains O(d, d,R) invariant, if we impose on
Bµν a non-trivial O(d, d,R) transformation for Γ ∈ o(d, d,R) as
δΓBµν = α
′Xµν =⇒ δΓH˜µνρ = 0 . (5.10)
The resulting theory is then fully O(d, d,R)-invariant to first order in α′. In order to compute an
explicit expression for Xµν , we start from a general o(d, d,R) matrix parametrized as
ΓM
N =
(
am
n bmn
cmn −anm
)
, (5.11)
with cmn and bmn antisymmetric. Further defining the o(d, d,R) matrices
A(a)M
N =
(
am
n 0
0 −anm
)
, B(b)M
N =
(
0 bmn
0 0
)
, C(c)M
N =
(
0 0
cmn 0
)
, (5.12)
the o(d, d,R) algebra takes the form
[A(a1),A(a2)] = A ([a1, a2]) ,
[A(a),B(b)] = B
(
ab+ bat
)
,
[A(a),C(c)] = −C (ca+ atc) ,

[B(b1),B(b2)] = 0 ,
[B(b),C(c)] = A (bc) ,
[C(c1),C(c2)] = 0 .
(5.13)
6See App. C for the GL(d) expression.
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The action of these generators on Gmn and Bmn is obtained from Eq. (2.9) as{
δΓG = aG+G a
t −G cB −B cG ,
δΓB = aB +B a
t −B cB −G cG + b ,
(5.14)
which, together with Eq. (5.4), yields the general O(d, d,R) variation of Ωµνρ
δΓΩµνρ = −3
2
[
Tr
(
c ∂[µG∂νG
−1∂ρ]G
)
+Tr
(
c ∂[µB∂νG
−1∂ρ]B
) ]
. (5.15)
Pulling out one derivative, we extract the explicit form of Xµν from Eq. (5.7):
Xµν =
1
2
Tr
(
c ∂[µ(G+B)G
−1∂ν](G+B)
)
. (5.16)
According to Eq. (5.10), the 2-form thus acquires new transformations only along the nilpotent
o(d, d,R) generators cmn. This is consistent with the fact that all the other o(d, d,R) generators have
a geometric origin and by construction represent manifest symmetries of the dimensionally reduced
action. Moreover, with the expression (5.16), one can verify that the algebra of o(d, d,R) transforma-
tions (5.13) closes on Bµν . Crucially, the deformed o(d, d,R) action (5.10) cannot be absorbed into a
redefinition of the fields but represents a genuine deformation of the O(d, d,R) transformation rules.
We may also consider the behavior of Eq. (5.5) under the Z2 invariance of bosonic string theory
that sends Bˆ → −Bˆ. On the O(d, d,R) matrix (2.9) this symmetry acts as [15]
H → ZTHZ , Z ≡
(
1 0
0 −1
)
. (5.17)
The matrix Z is not O(d, d,R)-valued since the metric (2.10) transforms as
η → ZηZT = −η =⇒ S → −ZSZ . (5.18)
Thus, the O(d, d,R) invariant defined by the r.h.s. of Eq. (5.6) is Z2 odd. This ensures Z2 invariance
of the action (5.5) since Bµν and its field strength Hµνρ are also Z2 odd.
Let us summarize the previous discussion. The bosonic string effective action, including its first order
α′-corrections, upon compactification on a d-torus exhibits a global O(d, d,R) symmetry, provided the
O(d, d,R) transformations of the two-derivative action acquire α′-corrections according to Eq. (5.10).
The full α′-corrected transformations are given byδΓgµν = 0 ,δΓBµν = α′
2
Tr
(
c ∂[µ(G+B)G
−1∂ν](G+B)
)
,
{
δΓHMN = ΓMPHPN + ΓNPHMP ,
δΓFµνM = −FµνN ΓNM ,
(5.19)
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for ΓM
N ∈ o(d, d,R) parametrized as Eq. (5.11). To order α′, the O(d, d,R) invariant action is given
by
I =
∫
dDx
√−g e−Φ
[
R+ ∂µΦ ∂
µΦ− 1
12
H˜µνρH˜
µνρ +
1
8
Tr (∂µS ∂µS)− 1
4
FMµν SMN FµνN
+
1
4
α′
(
RµνρσR
µνρσ − 1
2
RµνρσH
µνλHρσλ +
1
24
HµνρH
µ λ
σ H
ν τ
λ H
ρ σ
τ
− 1
8
H2µνH
2µν +
1
16
Tr (∇µS∇νS∇µS∇νS)− 1
32
Tr (∇µS∇νS)Tr (∇µS∇νS)
+
1
8
FµνMSMNFρσ NFµρ PSPQFνσQ − 1
2
FµνMSMNFµρNFνσ PSPQFρσ Q
+
1
8
FµνMFρσMFµρNFνσN −
1
2
RµνρσFµν MSMNFρσN
+
1
8
H2µνTr (∇µS∇νS)−
1
2
H2µνFµρMSMNFνρN +
1
4
HµνλHρσλFµρMSMNFνσ N
− 1
2
FµνM (S∇ρS∇νS)MNFµρN +
1
4
FµρMSMNFνρNTr (∇µS∇νS)
− 1
2
HµνρFµσM (S∇νS)MNFρσN
)]
+ O(α′2) , (5.20)
with the deformed field-strength H˜µνρ defined in Eq. (5.8). This constitutes the main result of this
paper.
Let us comment on the relation to Ref. [8], where a similar analysis of the first order α′-corrections
is performed, however restricted to the scalar sector, i.e. setting A
(1)m
µ = A
(2)
µm = Bµν = 0, gµν = ηµν .
Their result is given in their Eq. (74):
I1 =
1
8
α′
∫
dDx e−Φ
[
−Tr (∇µ∇νS∇µ∇νS) + 1
16
Tr (∇µS∇νS)Tr (∇µS∇νS)
+ Tr (∇µS∇µS∇νS∇νS) + 1
8
Tr (∇µS∇νS∇µS∇νS)
]
.
(5.21)
Upon partial integration, this can be rewritten as
I1 =
1
8
α′
∫
dDx
√−g e−Φ
[
− Tr
(
(✷S −∇µΦ∇µS) (✷S −∇νΦ∇νS)
)
+ (Rµν +∇µ∇νΦ)Tr (∇µS∇νS) + 1
16
Tr (∇µS∇νS)Tr (∇µS∇νS)
+ Tr (∇µS∇µS∇νS∇νS) + 1
8
Tr (∇µS∇νS∇µS∇νS)
]
.
(5.22)
As discussed in Sec. 2.2, we can then remove the second order derivative terms by performing the
(O(d, d,R) covariant) field redefinitions
δΦ =
1
16
Tr (∇µS∇µS) ,
δgµν = −1
8
Tr (∇µS∇νS) ,
δS = −1
2
(✷S −∇µΦ∇µS) + 1
2
S∇µS∇µS,
(5.23)
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in the convention of Eq. (2.15), to bring the result into the equivalent form
I1 =
1
4
α′
∫
dDx
√−g e−Φ
[
1
16
Tr (∇µS∇νS∇µS∇νS)− 1
32
Tr (∇µS∇νS)Tr (∇µS∇νS)
]
. (5.24)
This precisely coincides with the truncation of Eq. (5.2) to the scalar fields. Our result reproduces
also the first order α′ expressions of Refs. [5, 10] for the reduction to D = 1 dimensions.
Let us finally point out that considering the most generic manifestly diffeomorphism invariant four-
derivative action [30]7
I1 = α
′
∫
dD+dX
√
−gˆ e−φˆ
(
γ1 RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ + γ2 Hˆ
µˆνˆλˆHˆ ρˆσˆ
λˆ
Rˆµˆνˆρˆσˆ + γ3 HˆµˆνˆρˆHˆ
µˆ λˆ
σˆ Hˆ
νˆ τˆ
λˆ
Hˆ ρˆ σˆτˆ
+ γ4 Hˆ
2
µˆνˆHˆ
2 µˆνˆ + γ5 (Hˆ
2)2 + γ6 Hˆ
2
µˆνˆ∂
µˆφˆ∂νˆ φˆ+ γ7 Hˆ
2∂µˆφˆ∂
µˆφˆ+ γ8 ∂µˆφˆ∂
µˆφˆ∂νˆ φˆ∂
νˆ φˆ
)
, (5.25)
the only choice of coefficients that give rise to an O(d, d,R) invariant action after reduction on a
generic d-dimensional torus is
γ2 = −γ1
2
, γ3 =
γ1
24
, γ4 = −γ1
8
, γ5 = 0 , γ6 = 0 , γ7 = 0 , γ8 = 0 , (5.26)
corresponding to the action (4.1). Indeed, as the definition of Φ imposes
∂µφˆ = ∂µΦ+
1
2
Tr
(
G−1∂µG
)
, (5.27)
the terms proportional to γ6, γ7 and γ8 respectively in Eq. (5.25) produce terms carrying a factor
Tr
(
G−1∂µG
)
. However, there is no O(d, d,R)-invariant term in the basis (3.26) that contains such
a factor, as shown in App. C. Moreover, these terms cannot cancel each other, as they come with
different contraction structures. This imposes γ6 = γ7 = γ8 = 0. The computations detailed in
Secs. 2 and 4 finally implies the remaining coefficients of Eq. (5.26). Only with this choice do the
GL(d) terms combine into the O(d, d,R) invariant terms of the basis (3.26). Up to field redefinition,
the action (4.1) thus is the unique four-derivative correction exhibiting O(d, d,R) invariance upon
dimensional reduction.
6 Frame formulation
In the previous section we have shown that invariance under rigid O(d, d,R) transformations requires
an α′-deformation of the transformation rules that resembles a Green-Schwarz mechanism. We will now
make this analogy more precise by introducing a frame formalism for which the O(d, d,R) symmetry
remains undeformed, while the local frame transformations acquire α′-deformations. This formulation
uses the standard Green-Schwarz mechanism, albeit with composite gauge fields.
We introduce a frame field E ≡ (EMA) with inverse E−1 ≡ (EAM ) from which the scalar ma-
trix (2.9) encoding G and B can be reconstructed via
HMN = EMAENBκAB , (6.1)
7 As in Eq. (3.21) above, we restrict to manifestly diffeomorphism invariant terms. The potential gravitational
Chern-Simons coupling which appears for the heterotic string is discussed in detail in Sec. 7 below.
23
where flat indices are split as A = (a, a¯), and κAB is a block-diagonal matrix with components κab and
κa¯b¯. Furthermore, we constrain the frame field by demanding that the ‘flattened’ O(d, d,R) metric is
also block-diagonal according to
ηAB ≡ EAMEBNηMN =
(
κab 0
0 −κa¯b¯
)
, (6.2)
with a relative sign in the space of barred indices reflecting the signature of the O(d, d,R) metric. In
this formalism κab and κa¯b¯ need not be Kronecker deltas, and in particular can be spacetime dependent,
and so there is a local GL(d)×GL(d) frame invariance, with transformation rules
δΛEA
M = ΛA
BEB
M , ΛA
B =
(
Λa
b 0
0 Λ¯a¯
b¯
)
. (6.3)
We could partially gauge fix κAB = δAB , which reduces the frame transformations to SO(d)× SO(d),
but in the following another gauge fixing is convenient: we identify the components of κ with the
metric G according to
κ =
(
2G 0
0 2G
)
, (6.4)
where we used matrix notation. A frame field satisfying the constraint (6.2) and leading to the familiar
form of HMN is then given by
E ≡ (EMA) ≡ 1
2
(
1 +BG−1 1−BG−1
G−1 −G−1
)
. (6.5)
In order to derive composite connections from the frame field we define the Maurer-Cartan forms
(E−1∂µE)A
B ≡
(
Qµa
b Pµa
b¯
P¯µa¯
b Q¯µa¯
b¯
)
. (6.6)
¿From this definition one finds that under GL(d) ×GL(d) transformations (6.3) the Pµ transform as
tensors, and the Qµ transform as connections:
δΛQµa
b = −DµΛab , δΛQ¯µa¯b¯ = −DµΛ¯a¯b¯ , (6.7)
with DµΛa
b = ∂µΛa
b + [Qµ,Λ]a
b and a similar formula for the barred expression. We can evaluate
these connections for the gauge choice (6.5),
Qµ = −1
2
∂µ(G−B)G−1,
Q¯µ = −1
2
∂µ(G+B)G
−1 ,
(6.8)
using again matrix notation.
Having constructed composite gauge fields from the frame field we can consider the familiar Chern-
Simons three-forms built from them:
CSµνρ(Q) ≡ Tr
(
Q[µ∂νQρ] +
2
3
Q[µQνQρ]
)
. (6.9)
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These Chern-Simons forms transform under Eq. (6.7) as
δΛCSµνρ(Q) = ∂[µTr
(
∂νΛQρ]
)
, (6.10)
with the barred formulas being analogous. Evaluating the Chern-Simons-form with Eq. (6.8) one
recovers precisely the expression (5.4) encountered in the previous section, up to a global factor 3.
Therefore, we can define a 3-form curvature with Chern-Simons modification:
H˜µνρ ≡ Hµνρ − 3
2
α′
(
CSµνρ(Q)− CSµνρ(Q¯)
)
, (6.11)
which then reproduces the term proportional to ΩH encountered in the O(α′) action.
We have thus succeeded to find a formulation for which the O(d, d,R) invariance is manifestly
realized without deformation. Rather, the GL(d) × GL(d) gauge symmetry is deformed by having a
2-form transforming according to the Green-Schwarz mechanism,
δBµν =
1
2
α′ Tr
(
∂[µΛQν]
)− 1
2
α′ Tr
(
∂[µΛ¯ Q¯ν]
)
. (6.12)
Performing a partial gauge fixing to SO(d) × SO(d), together with appropriate field redefinitions,
this Green-Schwarz mechanism relates to the reduction of α′-deformed double field theory [22]. This
formulation is related to the one of the previous section as follows: if one fully gauge fixes GL(d)×GL(d)
the O(d, d,R) transformations acquire deformations through compensating frame transformations and
hence the singlet Bµν starts transforming non-trivially under O(d, d,R).
Let us close this section by discussing how the Z2 invariance (5.17) of bosonic string theory is
realized in this frame formulation. The Z2 acts on the frame field as
E → ZTEZ˜ , Z˜ ≡
(
0 1
1 0
)
. (6.13)
The matrix Z˜ exchanges the two GL(d) factors and hence exchanges the role of unbarred and barred
indices. Indeed, under the transformation (6.13) the Maurer-Cartan forms (6.6) transform as Pµ ↔ P¯µ
and Qµ ↔ Q¯µ, as one may verify by a quick computation and as is suggested by the explicit form (6.8).
Thus, the relative sign in Eq. (6.11) implies that the total Chern-Simons form is Z2 odd, which together
with Bµν → −Bµν implies Z2 invariance of the action.
7 Gravitational Chern-Simons form of the heterotic supergravity
In this section, we repeat the above analysis of the first order α′-corrections for the case of the heterotic
string. In absence of the Yang-Mills field in ten dimensions, the bosonic part of the four-derivative
effective action of the heterotic string takes the form [30]
Î1 =
1
4
α′
∫
dD+dX
√
−gˆ e−φˆ
[
− Hˆ µˆνˆρˆ Ωˆ(ωˆ)µˆνˆρˆ +
1
2
(
RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ − 1
2
Hˆ µˆνˆλˆHˆ ρˆσˆ
λˆ
Rˆµˆνˆρˆσˆ
− 1
8
Hˆ2µˆνˆHˆ
2 µˆνˆ +
1
24
HˆµˆνˆρˆHˆ
µˆ λˆ
σˆ Hˆ
νˆ τˆ
λˆ
Hˆ ρˆ σˆτˆ
)]
,
(7.1)
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where D + d = 10. Apart from terms proportional to the α′ corrections of the bosonic string (4.1),
the action features the gravitational Chern-Simons form Ωˆ
(ωˆ)
µˆνˆρˆ, defined as
Ωˆ
(ωˆ)
µˆνˆρˆ = Tr
(
ωˆ[µˆ∂νˆ ωˆρˆ]
)
+
2
3
Tr
(
ωˆ[µˆ ωˆνˆ ωˆρˆ]
)
, (7.2)
in terms of the spin connection
ωˆµˆ αˆ
βˆ = ∇µˆeˆνˆ βˆ eˆαˆνˆ . (7.3)
With the O(d, d,R) invariant form of the bosonic string discussed in Secs. 4 and 5 above, it thus
remains to reduce the first term of Eq. (7.1). We follow the same systematics outlined above.
In the flat basis, after dimensional reduction, the non-vanishing components of the spin connection
are given by
ωˆα, βγ = ωα, βγ ,
ωˆα, βa =
1
2
eα
µeβ
νηabEm
b F (1)mµν ,
ωˆα, ab = eα
µ Q˜µa
cηcb ,
ωˆa, αβ = −1
2
eα
µeβ
νηabEm
b F (1)mµν ,
ωˆa, bα = eα
µ P˜µa
cηcb . (7.4)
Here, P˜µ a
b and Q˜µa
b are, respectively, the symmetric and antisymmetric parts of the GL(d) Maurer-
Cartan form J˜µa
b = Ea
m ∂µEm
b = P˜µa
b + Q˜µa
b and verify the integrability relations
∂[µJ˜ν] a
b = −(J˜[µJ˜ν])ab ⇐⇒
{
∂[µP˜ν] a
b = −(P˜[µQ˜ν]) ab − (Q˜[µP˜ν]) ab,
∂[µQ˜ν] a
b = −(Q˜[µQ˜ν]) ab − (P˜[µP˜ν]) ab.
(7.5)
Defining the low-dimensional components of Ωˆ(ωˆ) in the same way as we did for Hˆ in Eq. (2.5), we
obtain
Ω(ωˆ)µνρ = Ω
(ω)
µνρ −
1
3
Tr
(
J˜[µJ˜ν J˜ρ]
)
− 1
2
F
(1)m
[µ|σ Gmn∇|νF
(1) σ n
ρ] +
1
4
F
(1)m
[µ|σ ∇σGmnF
(1)n
|νρ]
− 1
4
eα
σ∇[µ|eτ αF (1)m|νρ] GmnF (1) τ nσ ,
Ω(ωˆ)µνm =
1
6
RµνρσF
(1)ρσ nGnm − 1
12
F (1)nµν
(∇ρGG−1∇ρG)nm − 16 F (1) ρ n[µ (∇ν]GG−1∇ρG)nm
− 1
24
GmnF
(1)ρσ n F (1) pµν GpqF
(1) q
ρσ −
1
12
GmnF
(1)ρσ n F
(1) p
[µ|ρ GpqF
(1) q
|ν]σ −
1
6
∇[µ|∇ρGmnF (1)n|ν]ρ
+
1
6
∇ρGmn∇[µF (1)nν]ρ +
1
6
∇[µ
(
∇ν]eσαeαρF (1) σ nρ Gnm
)
,
Ω(ωˆ)µmn =
1
12
F (1) pρσ Gp[m|∇µ
(
F (1)ρσ qGq|n]
)
− 1
6
F (1) pµν ∇ρGp[mGn]qF (1)ρν q
+
1
6
(∇νGG−1∇µ∇νG)[mn] . (7.6)
We can now focus on the reduction of the action. Splitting the ten-dimensional indices µˆ into
(µ,m), we obtain
Hˆ µˆνˆρˆ Ωˆ
(ωˆ)
µˆνˆρˆ = H
µνρΩ(ωˆ)µνρ + 3H
µνmΩ(ωˆ)µνm + 3H
µmnΩ(ωˆ)µmn +H
mnpΩ(ωˆ)mnp . (7.7)
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Using the explicit expressions of Eqs. (2.5) and (7.6), the reduced Chern-Simons form then takes the
form
− 1
4
α′
∫
dD+dX
√
−gˆ e−φˆ Hˆ µˆνˆρˆ Ωˆ(ωˆ)µˆνˆρˆ −→
α′
4
∫
dDx
√−g e−Φ
[
−HµνρΩ(ω)µνρ +
1
3
Hµνρ Tr
(
J˜µJ˜ν J˜ρ
)
− 1
2
RµνρσF (1)mµν Hρσm
− 1
4
HµνρF (1)mµσ ∇σGmnF (1)nνρ +
1
8
F (1)mµν GmnF
(1)n
ρσ F
(1)ρσ pHµνp
+
1
4
F (1)mµν Hρσm F
(1)µρ pGpqF
(1)νσ q − 1
4
Hµν m
(∇ρG−1∇ρG)m nF (1)µν n
− 1
4
F (1)mµν
(∇ρBG−1∇ρG)mn F (1)µν n + 12 Hµν m (∇ρG−1∇µG)m nF (1)νρ n
+
1
2
Fµν
(1)m
(∇ρGG−1∇µB)mn F (1)ρν n + 14 Hµνρeασ∇µeτ αF (1)mνρ GmnF (1) τ nσ
− 1
2
HµνmG
mn∇µ
(
∇νeσαeαρF (1) σ pρ Gnp
)
+
1
2
Tr
(∇µ∇νG∇µG−1∇νBG−1)
− 1
2
Hµν m
(
G−1∇ρG
)m
n∇µF (1)νρ n + 1
2
Hµν m
(
G−1∇µ∇ρG
)m
nF
(1)νρ n
+
1
2
HµνρF (1)mµσ Gmn∇νF (1) σ nρ −
1
4
F (1)mµν ∇ρBmn∇ρF (1)µν n
]
.
(7.8)
Only the six last terms carry second order derivatives. Following the systematics of Sec. 4, these terms
can be transformed by means of partial integration and Bianchi identities such that all second order
derivatives appear as the leading two-derivative contribution from the field Eqs. (2.17), i.e. appear
within the first column of Tab. 1. Details are given in App. B.3. Specifically, the remaining second
order derivative terms combine into
α′
8
∫
dDx
√−g e−Φ
[
∇µHµνmF (1) σmρ ∇νeσαeαρ − Tr
(
✷BG−1∇νG∇νG−1 −✷G∇νG−1∇νBG−1
)
−∇µF (1)µν m
(∇ρGG−1)
m
nHνρ n − 1
2
Hµν m
(
G−1✷G
)m
nF
(1)µν n
− 1
2
Hµνρ∇σF (1)σµmGmnF (1)νρ n −∇µF (1)µν m∇ρBmnF (1)nνρ
]
, (7.9)
and can be eliminated by field redefinitions according to the rules defined in Tab. 1. These take the
explicit form (in the convention of Eq. (2.15))
δBµν =
1
8
A
(1)m
[µ ∇ν]eσαeαρGmn F (1) σ nρ +
1
8
A
(2)
[µ|m∇ρGmnH|ν]ρn −
1
8
BmnA
(1)n
[µ ∇ρGmpHν]ρ p
− 1
16
A
(2)
[µ|mH|ν]ρσ F
(1)ρσ m +
1
16
BmnA
(1)n
[µ Hν]ρσ F
(1)ρσ m − 1
8
A
(2)
[µ|m
(
G−1∇ρB)m n F (1)n|ν]ρ
+
1
8
BmnA
(1)n
[µ|
(
G−1∇ρB)m p F (1) p|ν]ρ ,
δGmn =
1
4
(∇µG−1∇µBG−1)(mn) − 1
8
F (1)µν (mGn)pHµν p ,
δBmn =
1
4
(∇µG∇µG−1G)[mn] ,
δA(1)mµ = −
1
8
∇νGmnHµν n + 1
16
Hµνρ F
(1)νρm +
1
8
(
G−1∇νB)m nF (1)nµν ,
δA(2)µm = −
1
8
∇µeσαeαρGmn F (1) σ nρ −
1
8
Bmn∇νGnpHµν p + 1
16
HµνρBmn F
(1)νρ n
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+
1
8
(
BG−1∇νB)
mn
F (1)nµν . (7.10)
After applying these field redefinitions, the resulting reduced action does no longer carry any second
order derivative (except within the Riemann tensor), and turns into
− 1
4
α′
∫
dD+dX
√
−gˆ e−φˆ Hˆ µˆνˆρˆ Ωˆ(ωˆ)µˆνˆρˆ −→
α′
4
∫
dDx
√−g e−Φ
[
−Hµνρ Ω(ω)µνρ +
1
3
Hµνρ Tr
(
J˜µJ˜ν J˜ρ
)
− 1
2
RµνρσF (1)mµν Hρσm +
1
8
HµνλHρσλF
(1)m
µν Hρσm −
1
4
HµνρF (1)mµσ ∇σGmnF (1)nνρ
− 1
4
HµνρHµσm∇σGmnHνρ n − 1
4
HµνρF (1)mµσ
(∇σBG−1)
m
nHνρn
+
1
4
HµνρHµσm
(
G−1∇σB)m nF (1)nνρ + 18 F (1)mµν GmnF (1)nρσ F (1)ρσ pHµνp
+
1
8
Hµν mG
mnHρσ n F
(1)ρσ pHµνp − 1
4
Hµν m
(∇ρG−1∇ρG)m nF (1)µν n
− 1
4
F (1)mµν
(∇ρBG−1∇ρG)mn F (1)µν n − 14 Hµν m (∇ρG−1∇ρBG−1)mnHµνn
− 1
4
Hµν m
(
G−1∇ρBG−1∇ρB
)m
nF
(1)µν n − 1
2
Hµν m
(
G−1∇µBG−1∇ρB
)m
nF
(1)νρ n
+
1
2
F (1)mµν
(∇µGG−1∇ρB)mn F (1)νρ n − 12 F (1)mµν (∇µG∇ρG−1)m nHνρn
+
1
2
Hµν m
(
G−1∇µB∇ρG−1
)mn
Hνρn − 1
2
Tr
(∇µB∇µG−1∇νG∇νG−1)
+
1
2
Tr
(∇µBG−1∇µB∇νG−1∇νBG−1) ] . (7.11)
The terms appearing in this expression can finally be compared to the GL(d) decompositions of the
O(d, d,R) basis as collected in App. C. This allows to recast the result into the form
− 1
4
α′
∫
dD+dX
√
−gˆ e−φˆ Hˆ µˆνˆρˆ Ωˆ(ωˆ)µˆνˆρˆ −→
α′
4
∫
dDx
√−g e−Φ
[
−Hµνρ Ω(ω)µνρ +
1
16
Tr (S∇µS∇µS∇νS∇νS)
+
1
16
FµνMFρσM Fµν PSPQFρσQ − 1
4
RµνρσFMµνFρσM +
1
16
HµνλHρσλFMµνFρσM
− 1
8
FµνM (∇ρS∇ρS)M NFµνN −
1
4
FµνM (∇µS∇ρS)M NFνρN
− 1
4
HµνρFµσM∇σSMNFνρN + 1
3
Hµνρ Tr
(
J˜µJ˜ν J˜ρ
) ]
,
(7.12)
manifestly O(d, d,R) invariant, except for the last term which carries the GL(d) Chern-Simons form
Ω(J˜)µνρ = Tr
(
J˜[µJ˜ν J˜ρ]
)
. (7.13)
This form is closed by virtue of the integrability relations (7.5). It can thus locally be integrated into
a 2-form
Ω(J˜)µνρ = 3 ∂[µθ
WZW
νρ] , (7.14)
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such that the last term in Eq. (7.12) can be absorbed into a field redefinition
δBµν =
1
2
θWZWµν . (7.15)
As Ω
(J˜)
µνρ is O(d, d,R)-invariant, this does not affect the behaviour of Bµν under O(d, d,R) transforma-
tions. Putting everything together, the reduced action for the bosonic part of heterotic supergravity
(in absence of the ten-dimensional Yang-Mills field) is obtained by combining Eqs. (5.2) and (7.12)
into
I =
∫
dDx
√−g e−Φ
[
R+ ∂µΦ ∂
µΦ− 1
12
H˜µνρH˜
µνρ +
1
8
Tr (∂µS ∂µS)− 1
4
FMµν SMN FµνN
− 1
4
α′
(
HµνρΩ(ω)µνρ −
1
16
Tr (S∇µS∇µS∇νS∇νS)− 1
16
FµνMFρσM Fµν PSPQFρσQ
+
1
4
RµνρσFMµνFρσM −
1
16
HµνλHρσλFMµνFρσM +
1
8
FµνM (∇ρS∇ρS)M NFµνN
+
1
4
FµνM (∇µS∇ρS)M NFνρN +
1
4
HµνρFµσM∇σSMNFνρN
)
+
1
8
α′
(
RµνρσR
µνρσ − 1
2
RµνρσH
µνλHρσλ +
1
24
HµνρH
µ λ
σ H
ν τ
λ H
ρ σ
τ
− 1
8
H2µνH
2µν +
1
16
Tr (∇µS∇νS∇µS∇νS)− 1
32
Tr (∇µS∇νS)Tr (∇µS∇νS)
+
1
8
FµνMSMNFρσ NFµρ PSPQFνσQ − 1
2
FµνMSMNFµρNFνσ PSPQFρσ Q
+
1
8
FµνMFρσMFµρNFνσN −
1
2
RµνρσFµν MSMNFρσN
+
1
8
H2µνTr (∇µS∇νS)−
1
2
H2µνFµρMSMNFνρN +
1
4
HµνλHρσλFµρMSMNFνσ N
− 1
2
FµνM (S∇ρS∇νS)MNFµρN +
1
4
FµρMSMNFνρNTr (∇µS∇νS)
− 1
2
HµνρFµσM (S∇νS)MNFρσN
)]
. (7.16)
Let us finally note that one could have started equivalently from the ten-dimensional action for-
mulated in terms of the gravitational Chern-Simons form built from the Christoffel connection
Ωˆ
(Γˆ)
µˆνˆρˆ = Γˆ
τˆ
[µˆ|σˆ∂|νˆ Γˆ
σˆ
ρˆ]τˆ +
2
3
Γˆτˆ[µˆ|σˆ Γˆ
τˆ
|νˆ|ηˆ Γˆ
ηˆ
|ρˆ]σˆ . (7.17)
This form is invariant under Lorentz transformations and related to Eq. (7.2) by [17]
Ωˆ
(Γˆ)
µˆνˆρˆ = Ωˆ
(ωˆ)
µˆνˆρˆ + ∂[µˆ
(
∂νˆ|eˆσˆ
αˆeˆ
βˆ
σˆωˆ|ρˆ]αˆ
βˆ
)
+
1
3
Tr
(
∂[µˆeˆeˆ
−1∂νˆ eˆeˆ
−1∂ρˆ]eˆeˆ
−1
)
, (7.18)
with the difference given by two closed terms that can be absorbed by a ten-dimensional field redefini-
tion. Dimensional reduction of the resulting ten-dimensional action then induces a lower-dimensional
action in which the Tr(J˜3) term from Eq. (7.12) is no longer present. The field redefinition required
in order to absorb the closed terms of Eq. (7.18) precisely corresponds to the lower-dimensional field
redefinition we have encountered in Eq. (7.15).
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8 Conclusions
In this paper we have set up a systematic procedure for analyzing the higher-derivative corrections of
the bosonic and the heterotic string upon toroidal compactification. In particular, we have discussed
how to control the ambiguities that arise due to non-linear field redefinitions and partial integration.
This establishes the basis for analyzing the realization of O(d, d,R) invariance of the dimensionally
reduced action. At first order in α′, we have presented the explicit reduction of the bosonic string
and cast the result into a manifestly O(d, d,R) invariant form upon identification of the necessary
field redefinitions. In particular, the analysis confirms that at order α′, the O(d, d,R) invariance of the
dimensionally reduced action fixes all the couplings in higher dimensions (up to an overall factor). The
analysis has revealed the need for a Green-Schwarz type mechanism by which the lower-dimensional
two-form (which is originally singlet under O(d, d,R)) acquires a non-trivial transformation of order α′.
This is a genuine deformation which cannot be eliminated by further field redefinitions.
We have also extended the analysis to the bosonic sector of the heterotic string (in absence of the
ten-dimensional vector fields). In particular, we have given the complete set of non-linear field redef-
initions (4.15), (7.10) which translate between the original ten-dimensional fields and the O(d, d,R)-
covariant lower-dimensional fields. This dictionary allows to exploit the O(d, d,R) symmetry as a
solution generating method for the heterotic string [34, 35] to first order in α′. Examples of such
solutions have been constructed in Refs. [36–38]. It would be very interesting to extend the analysis
to also include the ten-dimensional vector fields [39], resulting in an O(d, d+K,R) extension of the
present results with the larger group broken down by the non-abelian gauge couplings [27].
In principle, the method we have outlined is fully systematic and could be applied to higher-
order α′-corrections. In practice, the number of terms quickly explodes and calls for complementary
techniques to be combined with the present approach. As noted above, already at order α′2 the
number of manifestly O(d, d,R) invariant terms in lower dimensions amounts to 1817. Nevertheless,
it would be interesting to compare the resulting structures to related work in Ref. [40, 41]. It would
also be interesting to investigate the effect of α′-corrections on the more general Yang-Baxter type
deformations recently explored in Ref. [42].
Finally, it will be interesting to further study the simplifications arising in the resulting actions
upon reduction to particularly low dimensions D. For D = 1, all terms other than the scalar couplings
disappear from Eqs. (5.20) and (7.16), and we recover the lowest-order result of Refs. [5, 10, 11]. At
D = 2, the two-form couplings disappear and the vector fields may be integrated out. Particularly
interesting is the three-dimensional case. At D = 3, the two-form may be integrated out. With a field
equation of the type
∇µ(e−ΦHµνρ) = O(α′) , (8.1)
this introduces an integration constant which in particular turns the coupling (5.4) into a three-
dimensional analogue of the WZW model, c.f. Ref. [32]. Furthermore, in D = 3, the (abelian)
vector fields may be dualized into scalars. While this dualization is still possible in the presence of α′-
corrections, the symmetry enhancement to O(d+ 1, d + 1,R) encountered for the two-derivative action
breaks down at order α′ and is replaced by the appearance of the relevant automorphic forms [43,44].
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Appendix
A Basis at order α′
In this appendix, we explicitly spell out the O(d, d,R) invariant basis schematically given in Eq. (3.26),
whose existence we have deduced in Sec. 3.4 and which we have used in order to bring the reduced
action into manifestly O(d, d,R) invariant form. The basis is built from 61 terms which we list
according to their different structures.
R2 : {
RµνρσR
µνρσ
}
(A.1)
H4 : {
(H2)2,H2 µνH2µν ,HµνρH
µ
α
βHνβ
γHργ
α
}
(A.2)
(∇Φ)4 : {
∇µΦ∇µΦ∇νΦ∇νΦ
}
(A.3)
(∇S)4 : {
Tr (∇µS∇µS∇νS∇νS) ,Tr (∇µS∇νS∇µS∇νS) ,Tr (S∇µS∇µS∇νS∇νS)
Tr (∇µS∇µS) Tr (∇νS∇νS) ,Tr (∇µS∇νS) Tr (∇µS∇νS)
} (A.4)
F4 :{
FµνMFµνM FρσNFρσN ,FµνMSMNFµνN FρσPFρσP ,FµνMSMNFµνN FρσPSPQFρσQ,
FµνMFρσM FµνNFρσN ,FµνMSMNFρσN FµνPFρσP ,FµνMSMNFρσN FµνPSPQFρσQ,
FµνMFρσM FµρNFνσN ,FµνMSMNFρσN FµρPFνσP ,FµνMSMNFρσN FµρPSPQFνσQ,
FµνMFµρM FνσNFρσN ,FµνMSMNFµρN FνσPFρσP ,FµνMSMNFµρN FνσPSPQFρσQ
} (A.5)
RH2 : {
RµνρσH
µνλHρσλ
}
(A.6)
RF2 : {
RµνρσFµν MFρσM , RµνρσFµν MSMNFρσN
}
(A.7)
31
H2 (∇Φ)2 : {
H2µν ∇µΦ∇νΦ,H2∇µΦ∇µΦ
}
(A.8)
H2 (∇S)2 : {
H2µν Tr (∇µS∇νS) ,H2 Tr (∇µS∇µS)
}
(A.9)
H2 F2 :{
H2FµνMFµνM ,H2 FµνMSMNFµνN ,H2µν FµρMFρνM ,H2µν FµρMSMNFρνN ,
Hµν
λHλρσ FµνMFρσM ,HµνλHλρσ FµνMSMNFρσN ,HµνλHλρσ FµσMFρνM ,
Hµν
λHλρσ FµσMSMNFρνN
} (A.10)
(∇Φ)2 (∇S)2 : {
∇µΦ∇νΦTr (∇µS∇νS) ,∇µΦ∇µΦTr (∇νS∇νS)
}
(A.11)
(∇Φ)2F2 : {
∇ρΦ∇ρΦFµνMFµνM ,∇ρΦ∇ρΦFµνMSMNFµνN ,
∇µΦ∇νΦFρµMFρνM ,∇µΦ∇νΦFρµMSMNFρνN
} (A.12)
(∇S)2 F2 : {
Tr (∇ρS∇ρS) FµνMFµνM ,Tr (∇ρS∇ρS) FµνMSMNFµνN ,
Tr (∇µS∇νS) FµρMFνρM ,Tr (∇µS∇νS) FµρMSMNFνρN ,
FµνM∇ρSMN∇ρSNPFµνP ,FµνM∇ρSMN∇ρSNPSPQFµνQ
FµνM∇νSMN∇ρSNPFµρP ,FµνM∇νSMN∇ρSNPSPQFµρQ,
FµνM∇ρSMN∇νSNPFµρP ,FµνM∇ρSMN∇νSNPSPQFµρQ
}
(A.13)
H∇ΦF2 : {
Hµνρ∇σΦFµνMFρσM ,Hµνρ∇σΦFµνMSMNFρσN
}
(A.14)
H∇S F2 :{
Hµνρ FµσM∇νSMNSNP FρσP ,Hµνρ FµνM∇σSMN FρσN ,Hµνρ FµνM∇σSMNSNP FρσP
}
(A.15)
∇Φ∇S F2 :{
∇ρΦFµνM∇ρSMNFµνN ,∇µΦFµρM∇νSMNFνρN ,∇µΦFµρM∇νSMNSNPFνρP
}
(A.16)
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B Partial integration and explicit field redefinitions
In this appendix, we give some details about the computations of the dimensionally reduced actions
presented in Sec. 4.1, and Sec. 7 respectively. We show explicitly how to eliminate all second order
derivatives by partial integration up to terms appearing in the first column of Tab. 1, amenable to
subsequent elimination by field redefinitions.
B.1 RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ
Let us begin with the terms appearing in the reduction of RˆµˆνˆρˆσˆRˆ
µˆνˆρˆσˆ, as presented in Sec. 4.1. We
give the explicit expression of the five last terms in Eq. (4.8) after integration by parts (and use of
Bianchi identities). Up to boundary terms (which we ignore), the first two terms can be rewritten as
α′
4
∫
dDx
√−g e−ΦTr (∇µ∇νG−1G∇µ∇νG−1G)
=
α′
4
∫
dDx
√−g e−Φ
[
Tr
( (
✷G−1 −∇µΦ∇µG−1
)
G
(
✷G−1 −∇νΦ∇νG−1
)
G
)
+2Tr
((
✷G−1−∇µΦ∇µG−1
)
G∇νG−1∇νG
)
−Tr
(
(✷G−∇µΦ∇µG)G−1∇νG∇νG−1
)
+Tr
(∇µG−1∇νG∇µG−1∇νG)+ (Rµν +∇µ∇νΦ)Tr (∇µG−1∇νG) ] , (B.1)
and
3α′
4
∫
dDx
√−g e−ΦTr (∇µ∇νG−1∇µG∇νG−1G)
=
∫
dDx
√−g e−Φ α
′
4
[
3
2
Tr
(
(✷G−∇µΦ∇µG)G−1∇νG∇νG−1
)
− 3
2
Tr
(∇µG−1∇νG∇µG−1∇νG)
]
, (B.2)
respectively. The last three terms can be manipulated similarly and their sum takes the following
form
α′
4
∫
dDx
√−g e−Φ
[
F (1)mµν
(
G∇µ∇ρG−1G
)
mn
F (1)ρν n − 2∇ρF (1)mµν Gmn∇µF (1)νρ n
− 6∇ρF (1)mµν ∇µGmnF (1)νρ n
]
=
∫
dDx
√−g e−Φ α
′
4
[
2
(∇µF (1)mµν −∇µΦF (1)mµν )Gmn (∇ρF (1)ρν n −∇ρΦF (1)ρν n)
− 2 (Rµν +∇µ∇νΦ) F (1)mµρ GmnF (1) ρ nν −
5
4
F (1)mµν (✷G−∇ρΦ∇ρG)mn F (1)µν n
+ F (1)mµν
(∇ρG∇µG−1G)mn F (1)νρ n + F (1)mµν (∇µG∇ρG−1G)mn F (1)νρ n
+ 3F (1)mµν ∇µGmn
(
∇ρF (1)ρν n −∇ρΦF (1)ρν n
)
+RµνρσF (1)mµν GmnF
(1)n
ρσ
]
, (B.3)
again up to boundary contributions. In the form (B.1)–(B.3), all the remaining second order derivatives
are of the form appearing in the first column of Tab. 1. They can thus be reabsorbed into field
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redefinitions as discussed in Sec. 2.2. Explicitly, this induces the order α′ field redefinitions
δΦ =
1
8
[
− 2F (1)mµν GmnF (1)µν n +Tr
(∇µG−1∇µG) ] ,
δgµν =
1
4
[
2F (1)mµρ GmnF
(1)ρ n
ν − Tr
(∇(µG−1∇ν)G) ] ,
δBµν =
1
8
(
− 2∇ρF (1)mρµ + 2∇ρΦF (1)mρµ +HµρσHρσpGpm + F (1) pµρ
(∇ρGG−1)
p
m
+ 2Hµρp
(
G−1∇ρBG−1)pm )(A(2)ν m −BmnA(1)nν )− (µ↔ ν) ,
δGmn =
1
4
[
− 2✷Gmn + 2∇µΦ∇µGmn −GmpHµνpGnqHµνq − 3
2
F (1)mµν F
(1)µν n
− (G−1∇µG∇µG−1)mn + 2 (G−1∇µBG−1∇µBG−1)mn ] ,
δA(1)mµ =
1
4
[
− 2∇νF (1)mνµ + 2∇νΦF (1)mνµ +HµνρHνρnGnm
+ F (1)nµν
(∇νGG−1)
n
m
+ 2Hµνn
(
G−1∇νBG−1)nm ] ,
δA(2)µm =
1
4
[
2∇νF (1)nνµ Bnm − 2∇νΦF (1)nνµ Bnm −HµνρHνρn
(
G−1B
)n
m
− F (1)nµν
(∇νGG−1B)
nm
− 2Hµνn
(
G−1∇νBG−1B)n
m
]
. (B.4)
B.2 RˆµˆνˆρˆσˆHˆ
µˆνˆλˆHˆ
ρˆσˆ
λˆ
Here, we consider the four last terms in the reduction (4.12) of RHH. After partial integration, they
can be brought into the form
α′
4
∫
dDx
√−g e−Φ Tr (∇µ∇νG−1∇µBG−1∇νB)
=
α′
4
∫
dDx
√−g e−Φ
[
− Tr (∇µB∇µG−1∇νB∇νG−1)+ 1
2
Tr
(∇µB∇νG−1∇µB∇νG−1)
− Tr
(
(✷B −∇µΦ∇µB)G−1∇νB∇νG−1
)
+
1
2
Tr
( (
✷G−1 −∇µΦ∇µG−1
)∇νBG−1∇νB)] ,
(B.5)
−α
′
4
∫
dDx
√−g e−ΦHµρm∇µ∇νGmnHνρn
=
α′
4
∫
dDx
√−g e−Φ
[
− (∇µHµνm −∇µΦHµνm)∇ρGmnHνρn − 1
2
F (1)mµν
(∇ρB∇ρG−1)mnHµνn
− 1
4
Hµνm
(
✷G−1 −∇ρΦ∇ρG−1
)mn
Hµνn − F (1)mνρ
(∇µB∇ρG−1)mnHµνn] , (B.6)
−α
′
2
∫
dDx
√−g e−Φ∇µF (1)mνρ
(∇ρBG−1)
m
n
Hµνn
=
α′
4
∫
dDx
√−g e−Φ
[
− (∇µHµνm −∇µΦHµνm)
(
G−1∇ρB)m
n
F (1)nνρ
−
(
∇µF (1)µν m −∇µΦF (1)µν m
) (∇ρBG−1)
m
n
Hνρn +
1
2
F (1)mµν
(∇ρBG−1∇ρB)mn F (1)µν n
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− 1
2
F (1)mµν
(∇ρB∇ρG−1)mnHµνn − 12 F (1)mµν ( (✷B −∇ρΦ∇ρB)G−1)mnHµνn
+ F (1)mνρ
(∇ρB∇µG−1)mnHµνn − F (1)mνρ (∇µB∇ρG−1)mnHµνn
+ F (1)mµν
(∇ρBG−1∇νB)mn F (1) ρµn] , (B.7)
α′
4
∫
dDx
√−g e−Φ 2Hµνλ∇µF (1)mνρ Hρλm
=
α′
4
∫
dDx
√−g e−Φ
[1
2
(∇µHµνm −∇µΦHµνm)HνρσF (1)ρσ m −HµνρF (1)mνσ ∇µBmnF (1) σ nρ
− (∇µHµνρ −∇µΦHµνρ)F (1)mνσ Hσρm +
1
2
(
∇µF (1)µν m −∇µΦF (1)µν m
)
HνρσH
ρσ
m
+
1
2
HµνρF (1)mνσ ∇σBmnF (1)nρµ + F (1)mµν HρσmF (1) ρν nHνσn −
1
4
F (1)mµν HρσmF
(1)µν nHρσn
− 1
4
F (1)mµν HρσmF
(1) ρσ nHµνn
]
, (B.8)
respectively. Again, all left-over terms carrying second-order derivatives can be converted to products
of first order derivatives by means of the rules of Tab. 1. This induces the explicit field redefinitions
δBµν =
1
8
[
−A(1)mµ
(
G∇ρG−1
)
m
n
Hνρn −A(1)mµ ∇ρBmnF (1)nνρ + 2F (1)mµρ Hρνm
+
1
2
A(1)mµ HνρσGmnF
(1)ρσ n − 1
2
HµρσH
ρσ
mG
mn
(
A(2)ν n −BnpA(1)pν
)
−Hµρm
(
G−1∇ρBG−1)mn (A(2)ν n −BnpA(1)pν )]− (µ↔ ν) ,
δGmn =
1
4
[1
2
GmpHµνpG
nqHµνq −
(
G−1∇µBG−1∇µBG−1
)mn ]
,
δBmn =
1
4
[ (∇µB∇µG−1G)mn + (G∇µG−1∇µB)mn
− 1
2
HµνmF
(1)µν pGpn +
1
2
GmpF
(1)µν pHµνn
]
,
δA(1)mµ =
1
4
[
−Hµνn
(
G−1∇νBG−1)nm − 1
2
HµνρH
νρ
nG
nm
]
,
δA(2)µm =
1
4
[
Hµνn
(∇νG−1G)n
m
− F (1)nµν ∇νBnm +Hµνn
(
G−1∇νBG−1B)n
m
− 1
2
HµνρF
(1)νρ nGnm +
1
2
HµνρH
νρ
n
(
G−1B
)n
m
]
. (B.9)
B.3 Hˆ µˆνˆρˆ Ωˆ
(ωˆ)
µˆνˆρˆ
Finally, we give the result for the six last terms in Eq. (7.8). After partial integration they are rewritten
as
α′
4
∫
dDx
√−g e−Φ
(
−1
2
)
HµνmG
mn∇µ
(
∇νeσαeαρF (1) σ pρ Gnp
)
=
α′
4
∫
dDx
√−g e−Φ
[1
2
(∇µHµνp −∇µΦHµνp +Hµνm∇µGmnGnp)∇νeσαeαρF (1) σ pρ
]
, (B.10)
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α′
4
∫
dDx
√−g e−Φ 1
2
Tr
(∇µ∇νG∇µG−1∇νBG−1)
=
α′
4
∫
dDx
√−g e−Φ
[
− 1
2
Tr
(
(✷B −∇µΦ∇µB)G−1∇νG∇νG−1
)
+
1
2
Tr
(
(✷G−∇µΦ∇µG)∇νG−1∇νBG−1
)
− Tr (∇µB∇µG−1∇νG∇νG−1) ] , (B.11)
α′
4
∫
dDx
√−g e−Φ
[
−1
2
Hµν m
(
G−1∇ρG
)m
n∇µF (1)νρ n + 1
2
Hµν m
(
G−1∇µ∇ρG
)m
nF
(1)νρ n
]
=
α′
4
∫
dDx
√−g e−Φ
[
− 1
2
(
∇µF (1)µν m −∇µΦF (1)µν m
) (∇ρGG−1)
m
nHνρn
− 1
4
Hµν m
(
G−1
(
✷G−∇ρΦ∇ρG+∇ρG∇ρG−1G
) )m
nF
(1)µν n − 1
2
Hνρm
(∇µG−1∇ρG)m nF (1)µν n
− 1
2
F (1)mνρ
(∇µBG−1∇ρG)mn F (1)µν n − 14 F (1)mµν (∇ρBG−1∇ρG)mn F (1)µν n] , (B.12)
α′
4
∫
dDx
√−g e−Φ 1
2
HµνρF (1)mµσ Gmn∇νF (1) σ nρ
=
α′
4
∫
dDx
√−g e−Φ
[
− 1
4
Hµνρ
(
∇σF (1)σµm −∇σΦF (1)σµm + F (1)σµ p
(∇σGG−1)p m)GmnF (1)nνρ
− 1
4
F (1)mµν Hρσm F
(1)µρ pGpqF
(1)νσ q +
1
8
F (1)mµν Hρσm F
(1)µν pGpqF
(1)ρσ q
]
, (B.13)
α′
4
∫
dDx
√−g e−Φ
(
−1
4
)
F (1)mµν ∇ρBmn∇ρF (1)µν n
=
α′
4
∫
dDx
√−g e−Φ
[
− 1
2
(
∇µF (1)µν m −∇µΦF (1)µν m
)
∇ρBmnF (1)nνρ
]
. (B.14)
Again, the remaining terms carrying second-order derivatives can be eliminated by field redefinitions
as discussed in Sec. 2.2. The explicit form of the induced field redefinitions has been given in Eq. (7.10)
in the main text.
C GL(d) expressions of some O(d, d,R) terms
In this appendix, we present the GL(d) decomposition of some of the O(d, d,R) invariant terms, that
are relevant for the identifications made in Secs. 5 and 7.
Tr (∇µS∇νS) = 2Tr
(∇(µG∇ν)G−1)+ 2Tr (∇µBG−1∇νBG−1) . (C.1)
Tr (∇µS∇νS∇µS∇νS) = 2Tr
(∇µG−1∇νG∇µG−1∇νG) + 4Tr (∇µB∇νG−1∇µB∇νG−1)
+ 8Tr
(
G−1∇µBG−1∇νG∇µG−1∇νB
)
(C.2)
+ 2Tr
(
G−1∇µBG−1∇νBG−1∇µBG−1∇νB
)
,
Tr (∇µS∇µS∇νS∇νS) = 2Tr
(∇µG−1∇µG∇νG−1∇νG)+ 4Tr (G−1∇µBG−1∇νG∇νG−1∇µB)
+ 4Tr
(∇µG−1∇µB∇νG−1∇νB)+ 4Tr (G−1∇µB∇µG−1∇νGG−1∇νB)
+ 2Tr
(
G−1∇µBG−1∇µBG−1∇νBG−1∇νB
)
, (C.3)
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Tr (S∇µS∇νS∇ρS∇σS) = 2
[
Tr
(∇µG−1∇νG∇ρG−1∇σB)− Tr (∇σG−1∇µG∇νG−1∇ρB)
+Tr
(∇ρG−1∇σG∇µG−1∇νB)− Tr (∇νG−1∇ρG∇σG−1∇µB)
− Tr (∇µBG−1∇νBG−1∇ρB∇σG−1)+Tr (∇σBG−1∇µBG−1∇νB∇ρG−1)
− Tr (∇ρBG−1∇σBG−1∇µB∇νG−1)+Tr (∇νBG−1∇ρBG−1∇σB∇µG−1) ] , (C.4)
FµνMSMNFρσ N = F (1)mµν GmnF (1)nρσ +Hµν mGmnHρσ n , (C.5)
FµνMFρσM = F (1)mµν F (2)ρσm + F (1)mρσ F (2)µν m , (C.6)
FµνMSMN∇ρSNPFσλ P = F (1)mµν
(
G∇ρG−1
)
m
n
Hρλn − F (1)mµν ∇ρBmnF (1)nσλ
+Hµν m
(
G−1∇ρBG−1
)mn
Hσλn +Hµν m
(
G−1∇ρG
)m
n
F
(1)n
σλ , (C.7)
FµνM∇ρSMNFσλN = F (1)mµν ∇ρGmnF (1)nσλ + F (1)mµν
(∇ρBG−1)mnHρλn
−Hµν m
(
G−1∇ρB
)m
n
F
(1)n
σλ +Hµν m∇ρGmnHσλn , (C.8)
FµνMSMN∇ρSNP∇σSPQFλτ Q =
F (1)mµν
(
G∇ρG−1∇σG
)
mn
F
(1)n
λτ + F
(1)m
µν
(
G∇ρG−1∇σBG−1
)
m
n
Hλτ n
− F (1)mµν
(∇ρB∇σG−1)mnHλτ n +Hµνm(∇ρG−1∇σB)mnF (1)nλτ
+Hµνm
(
G−1∇ρBG−1∇σG
)m
n
F
(1)n
λτ + F
(1)m
µν
(∇ρBG−1∇σB)mn F (1)nλτ
+Hµν m
(
G−1∇ρG∇σG−1
)mn
Hλτ n +Hµν m
(
G−1∇ρBG−1∇σBG−1
)mn
Hλτ n . (C.9)
FµνM∇ρSMN∇σSNPFλτ P =
F (1)mµν
(∇ρBG−1∇σG)mn F (1)nλτ − F (1)mµν (∇ρGG−1∇σB)mn F (1)nλτ
+ F (1)mµν
(∇ρG∇σG−1)mnHλτ n + F (1)mµν (∇ρBG−1∇σBG−1)mnHλτ n
+Hµνm
(∇ρG−1∇σG)mnF (1)nλτ +Hµνm(G−1∇ρBG−1∇σB)mnF (1)nλτ
+Hµν m
(∇ρG−1∇σBG−1)mnHλτ n −Hµν m (G−1∇ρB∇σG−1)mnHλτ n . (C.10)
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